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Abstract. In this paper we are interested in a reaction diffusion equa- 
tion driven by Poissonian noise respective Levy noise. For this aim we 
first show existence of a martingale solution for an SPDE of parabolic 
type driven by a Poisson random measure with only continuous and 
bounded coefficients. This result is transferred to an parabolic SPDE 
driven by Levy noise. In a second step, we show existence of a martin- 
gale solution of reaction diffusion type, also driven by Poissonian noise 
respective Levy noise. Our results answer positively a long standing 
open question about existence of martingale solutions driven by genuine 
Levy processes. 



Keywords and phrases: Stochastic integral of jump type, stochastic 
partial differential equations, Poisson random measures, Levy processes Re- 
action Diffusion Equation. 

AMS subject classification (2002): Primary 60H15; Secondary 60G57. 

1. Introduction 

The main subject of our article is a stochastic reaction diffusion equation 
driven by a Levy noise (or a Poissonian) noise. For instance, let L = {Lit) : 
t > 0} be a one dimensional Levy process whose characteristic measure v 
has finite p-moment for some p£ (1, 2], O C M. d be a bounded domain with 
smooth boundary and A be the Laplace operator with Dirichlet boundary 
conditions. A typical example of the problem we study is a the following 
stochastic partial differential equation 

(1.1) 

du(t, f ) = Au(t, £) dt + [u(t, g) - u(t, £) 3 ] dt 

+ sin(u(i,0)sm(^)l RUo} (u(t,£)) dL(t), t > 0, 

u(t,0 = 0, £edO, 

«(0,£) = uoCO. 
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One consequence of the main result in this paper, i.e. Theorem 15.21 
is that for any uo G Cq(0) there exists an Cq (O)- valued cadlag process 
u = {u(t) : t > 0} which is a martingale solution to problem (jl.ip . Our 
main result allows treatment of equations with more general coefficients 
than in problem (jl.ip . for instance the diffusion coefficient, i.e. the function 
g(u) = sin(u) sin(i)l K \r }(it) is just an example of a bounded and contin- 
uous function, the drift, i.e. the function f(u) = u — u 3 is an example of 
an dissipative function / : R — > R of polynomial growth and the Laplace 
operator A is a special case of a second order, with variable coefficients, 
uniformly elliptic dissipative operator. Moreover, our results are applicable 
to equations with infinite dimensional Levy processes as well as to more 
general classes of the initial data, for instance the L q (0) spaces with q > p, 
as well as the Sobolev spaces Hq' q (0). The above and other examples are 
carefully presented in Sections [6] and [7J 

The approach we use in this paper follows basically a recent work [11] by 
one of the authours, in which a similar problem but with Wiener process 
was treated. The current work is a major improvement of the work [llj . 
Indeed, the ltd integral in martingale type 2 Banach spaces with respect to 
a cylindrical Wiener process on which [11] is so heavily relied, is replaced by 
the Ito integral in martingale type p Banach spaces with respect to Poisson 
random measures, see [H] . The compactness argument used in [11] depends 
on the Holder continuity of the trajectories of the stochastic convolutions 
driven by a Wiener process. However, since the trajectories of the stochastic 
convolutions driven by a Levy process are not continuous, the counterpart 
of the Holder continuity, i.e the cadlag property of the trajectories, seems 
natural to be used. Unfortunately, as many known counterexamples show, 
see for instance a recent monograph |57j . as well as even more recent papers 
[T7] and [12], the trajectories of the stochastic convolutions driven by a Levy 
process may not even be cadlag in the space the Levy process lives and hence 
this issue has to be handled with special care. Finally, the third but not the 
least difference with respect to [11] is the martingale representation theorem. 
In |llj a known result by Dettweiler [19] was used. In the Levy process 
case we have not found, to our great surprise, an appropriate martingale 
representation Theorem. In the current paper we proved a generalization of 
the result from Dettweiler [19]. Finally, instead of using stopping times as 
in in [IT], we used interpolation methods in order to control certain norms 
of the solution, see Theorem IC.ll 
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As we indicated in the Abstract, to the best of our knowledge, our paper 
answers positively a long standing open problem on the existence of solutions 
to stochastic reaction diffusion equations with multiplicative Levy (or jump) 
noise. 

Parabolic SPDEs driven by additive Levy noise were introduced by Walsh 
[67j and Gyongy in [35]. Walsh, whose motivation came from neurophys- 
iology, studied a particular example of the cable equation which describes 
the behaviour of voltage potentials of spatially extended neurons, see also 
Tuckwell [66J. Gyongy considered stochastic equations with general Hilbert 
space valued semimartingales replacing the Wiener process and generalized 
the existence and uniqueness theorem of Krylov and B. L. Rozovskii [46j . 
The question we are studying in our paper are of similar type to those stud- 
ied by Walsh and Tuckwell but more general as we allow more irregular and 
non-additive noise. However, it is of different type than studied by Gyongy: 
the difference is of the similar order as between [IT] and |46] in the Wiener 
process case. 

Since the early eighties many works have been written on the topic. 
In particular, Albeverio, Wu, Zhang [2j, Applebaum and Wu [6], Bie [8], 
Hausenblas [38\ [39] , Kallianpur and Xiong |43[ |4"4"] , and Knoche [35] . Some 
of these papers use the framework Poisson random measures while others 
of Levy noise. However, all these papers typically deal with Lipschitz coef- 
ficients and/or Hilbert spaces and hence none of them is applicable to the 
stochastic reaction diffusion equations. 

There are not so many works about SPDEs driven by Levy processes in 
Banach spaces. Here we can only mention the papers [38 1 [39] by the second 
authour, a very recent paper [13] by both authours and [39] by Mandrekar 
and Riidiger (who actually study ordinary stochastic differential equations 
in martingale type 2 Banch spaces). On the other hand, Peszat and Zabczyk 
in [57] formulate there results in the framework of Hilbert spaces, Zhang and 
Rockner [59] generalized the Gyongy [35] and Pardoux [53] results by firstly, 
studying evolution equations driven by both Wiener and Levy processes 
and well considered globally Lipschitz (and not only linear) coefficients, and 
secondly studying the large deviation principle and exponential integrability 
of the solutions. 

Mytnik in [53] established existence of a weak solution for the stochastic 
heat equation driven by stable noise with the noise coefficients of polynomial 
type and without any drift term /. Our results are hence not only incom- 
parable but also the methods of proof are different. In [52J Mueller, Mytnik 
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and Stan investigated the heat equation with one-sided time independent 
stable noise. 

Martingale solution of SPDEs driven by Levy processes in Hilbert spaces 
are not treated quite often in the literature. Mytnik [53J constructed a weak 
solution to SPDEs with non Lipschitz coefficients driven by space time stable 
Levy noise. Mueller [51] studied non Lipschitz SPDEs driven by nonnegative 
Levy noise of index a € (0, 1). 

Concerning nonlinear stochastic equation with Levy processes not many 
paper exists. The most recent paper [21] by Dong considers Burgers equa- 
tion with compound Poisson noise and thus in fact deals with deterministic 
Burgers equation on random intervals. Some discussion of stochastic Burg- 
ers equation with additive Levy noise is contained in [T7], where it is shown 
how integrability properties of trajectories of the corresponding Ornstein- 
Uhlenbeck process play an important role. 

The paper is organised as follows: In sections [2] and [3] we introduce the 
definitions necessary to formulate the main results. Then the main results 
are presented in Section 2] and Section First we considered an SPDE with 
continuous and bounded coefficients. Here, the main Theorem is formulated 
int terms of Poisson random measures, i.e. Theorem 14.51 an d in terms of 
Levy processes, i.e. Theorem 14.71 Then, in Section [5] we consider an SPDE 
of Reaction Diffusion type and list the exact conditions under which we were 
able to show existence of a martingale solution. Two examples illustrating 
the applicability of our results are then present in Section [6] and Section [7J 
To be more precise, in Section [6] we present an SPDE of reaction diffusion 
type driven by a Levy noise of spectral type, in Section [6] we present an 
SPDE of reaction diffusion type driven by a space time Levy white noise. 
The remaining Sections and the Appendix are devoted to the proofs of our 
results. 

Notation 1.1. By N we denote the set of natural numbers, i.e. N = 
{0, 1, 2, • • • } and by N we denote the set N U {+00} . Whenever we speak 
about N (or N)-valued measurable functions we implicitly assume that that 
set is equipped with the trivial a -field 2 N (or 2^). By M + we will denote the 
interval [0, 00) and by M* the set H.\ {0}. If X is a topological space, then 
by B(X) we will denote the Borel a -field on X. By \d we will denote the 
Lebesgue measure on B(M. d )), by A the Lebesgue measure on (M.,B(M)). 

If (S, S) is a measurable space then by M(S) we denote the set of all real 
valued measures on (S,S), and by A4(S) the a-field on M(S) generated by 
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functions %b ■ M(S) 3 fj, t— > n(B) € R, B E S. By M + (S) we denote the 
set of all non negative measures on S, and by M(S) the a -field on M + (S) 
generated by functions is ■ M + (S) 3 fj, i— > n(B) € R+, B € 5. Finally, 
by Mj(S) we denote the family of all N-valued measures on (S,S), and by 
A4j(S) the a -field on Mj(S) generated by functions %b '■ M(S) 3 |t 4 
fJ.(B) € N, B € S. If (S,S) is a measurable space then we will denote by 
S (g) 0(R_|_) the product a -field on S x M + and by v % A the product measure 
of v and the Lebesgue measure A. 

2. Stochastic Preliminaries 

In this paper we use the terminus of Poisson random measure to deal 
with Equations of type (jl.ip . Therefore, we introduce in the first part of 
this Section Poisson random measures. In the second Part of this Section 
we point out the relationship between Poisson random measures and Levy 
processes. 

Let 1 < p < 2 be fixed throughout the whole paper. Moreover, throughout 
the whole paper, we assume that (ft, F, F,P) is a complete filtered proba- 
bility space. Here, for simplicity, we denoted the filtration {rt}t>o by F. 

Definition 2.1. (see Pisier [58],) A Banach space E is of martingale type p, 
iff there exists a constant C = C(E,p) such that for any E -valued discrete 
martingale (Mq, M±, M2, • • •) with Mq = the following inequality holds 

supE|M n | p <C J2E\M n -M„_i| p . 

n>l 

The following definitions are presented here for the sake of completeness 
because the notion of time homogeneous random measure is introduced in 
many, not always equivalent ways. 

Definition 2.2. (see [40J, Def. 1.8.1) Let (Z,Z) be a measurable space. 
A Poisson random measure n on (Z,Z) over (fl, F,P) is a measurable 
function 7] : (M/(Z x R+),Mi(Z x R + )), such that 

(i) for each B G Z % BCR+), v(B) := %b V ■ — > N is a Poisson random 
variable with paramete^j Kr/(B); 

(ii) 7] is independently scattered, i.e. if the sets Bj £ Z®B(M. + ), j = 1, • • • ,n, 
are disjoint, then the random variables rj(Bj), j = 1, • • ■ , n, are independent; 

(iii) for each U € Z, the N-valued process (N(t, U))t>o defined by 

N(t,U) := r](U x (0,t]), t > 
1 If Erj(B) = 00, then obviously 77(B) = 00 a.s.. 
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is ¥ -adapted and its increments are independent of the past, i.e.ift>s>0, 
then N(t, U) — N(s, U) = tj(U x (s, t]) is independent of T s - 

Remark 2.3. In the framework of Definition \2.& the assignment 

v : Z 3 A ^E[n(A x (0,1))] 
defines a uniquely determined measure. 

Given a complete filtered probability space (Q, J 7 , F, P), where F = {J-"t}t>o 
denotes the filtration, the predictable random field V on f2 x R + is the a— 
field generated by all continuous F-adapted processes (see e.g. Kallenberg 
(121 Chapter 25]). A real valued stochastic process {x(t) : t > 0}, defined 
on a filtered probability space (Q, J 7 , F, P) is called predictable, if the map- 
ping x : 0, x M + — > R is V/B(M.)-measvr&ble. A random measure 7 on 
-Z x B(R+) over (0;7",F,P) is called predictable, iff for each U G Z, the 
M-valued process 9tn> -y([7 x (0,t]) is predictable. 

Definition 2.4. Assume that (Z, Z) is a measurable space and u is a non- 
negative measure on (Z,Z). Assume that rj is a time homogeneous Poisson 
random measure with intensity measure v on (Z,Z) over (ft, J-, F, P). The 
compensator of rj is the unique predictable random measure, denoted by 7, 
on Z x Z3(M+) over (f2, J 7 , F,P) such that for each T < 00 and A £ Z with 
¥,7](A x (0, T]) < 00, the ^-valued processes {N(t, A)} t6 (o,T] defined by 

N(t, A) := ??(^ x (0, t]) - j(A x (0, i]), < t < T, 

is a martingale on (Q, J- ,¥,¥). 

Remark 2.5. Assume that rj is a time homogeneous Poisson random mea- 
sure with intensity v on (S,S) over (O, J 7 , F, P). It turns out that the com- 
pensator 7 of rj is uniquely determined and moreover 

7 :2x B{R+) 3 (A, I) ■-> v{A) x A(J). 

T/ie difference between a time homogeneous Poisson random measure r\ and 
its compensator 7, i.e. rj = rj — 7, is called a compensated Poisson random 
measure. 

The classical Ito stochastic integral has been generalised in several direc- 
tions, for example in Banach spaces of martingale type p. Since it would 
exceed the scope of the paper, we have decided not to present a detailed 
introduction on this topic and restrict ourselves only to the necessary def- 
initions. A short summary of stochastic integration in Banach spaces of 
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martingale type p is given in Brzezniak [9], Hausenblas [38], or Brzezniak 
and Hausenblas [H]. 

We finish with the following version of the Stochastic Fubini Theorem (see 



Theorem 2.6. Assume that E is a Banach space of martingale type p and 



is a progressively measurable process. Then, for each T G [a,b], a.s. 



2.1. Levy processes and Poisson random measures. Given a Levy 
process, one can construct a corresponding Poisson random measure. Vice 
versa, given a Poisson random measure, one gets easily a corresponding Levy 
process. To illustrate this fact, let us recall firstly the definition of a Levy 
process. 

Definition 2.7. Let E be a Banach space. A stochastic process L = {L(t) : 
t > 0} over a probability space (O, J 7 , P) is an E-valued Levy process if the 
following conditions are satisfied. 

(i) for any choice n 6 N and < t$ < t± < ■ ■ ■ t n , the random variables 

L(to), L{t\) — L(to), . . ., X(t n ) — X(t n _i) are independent; 

(ii) Lq = a.s.; 

(Hi) For all < s < t, the law of L{t + s) — L(s) does not depend on s; 

(iv) L is stochastically continuous; 

(v) the trajectories of L are a.s. cddldg on E. 

Let F = {J~t}t>o be a filtration on T . We say that L is a Levy process over 
(f2, J 7 , F,P), if L is an E-valued and F-adapted Levy process. 

The characteristic function of a Levy process is uniquely defined and is 
given by the Levy-Khinchin formula. In particular, if E is a Banach space 
of type p and L = {L(t) : t > 0} is an .E-valued Levy process, there exist 
a positive operator Q : E' — > E, a non negative measure v concentrated on 
E \ {0} such that J E 1 A \z\ p v{dz) < oo, and an element m £ E such that 



(:[a,t]xR + xX->£ 




(we refer e.g. to [3 H [231 d] ) 




x € E'. 
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The measure v is called characteristic measure of the Levy process L. A 
Levy process is of pure jump type iff Q = 0. Moreover, the triplet (Q, m, v) 
uniquely determines the law of the Levy process. 

Now, starting with an E'-valued Levy process over a filtered probability 
space (f2, .7-", F,P) one can construct an integer valued random measure as 
follows. For each (B,I) G B(R) x B(R+) let 

r] L (B x I) : = #{s G / | A S L G B} G No U {oo]|. 

If E = M. d , it can be shown that tjl defined above is a time homogeneous 
Poisson random measure (see Theorem 19.2 [62\ Chapter 4]). 

Vice versa, let r\ be a a time homogeneous Poisson random measure on a 
Banach space E of type p, p G (0, 2]. Then the integral (Dettweiler |29j ) 

1 1 — y I z rj(dz, ds) 
Jo Jz 

is well defined, if the intensity measure is a Levy measure, whose definition 
is given below. 

Definition 2.8. (see Linde [23\ Chapter 5.4],) Let E be a separable Banach 
space and let E' be its dual. A symmetri^ a -finite Borel measure A on E is 
called a Levy measure if and only if 



(i) A({0}) = 0, and 

(ii) the functio^ 



E' B a i-s> exp (^J ( 



(cos(a;, a) — 1) X(dx) 
is a characteristic function of a Radon measure on E. 

An arbitrary a-finite Borel measure A on E is called a Levy measure provided 
its symmetric part ^(A + A~), where A~(^4) := A(— A), A G B(E), is a Levy 
measure. The class of all Levy measures on (E,B(E)) will be denoted by 
C(E). 

Remark 2.9. (see e.g. [29] ) If E is a Banach space of type p, a measure 
v G M.+(E) is a Levy measure iff = and f E \z\ p v(dz) < oo. 



2 The jump process AX = {AtX, < t < oo} of a process X is defined by AtX(t) := 
X(t) - X(t-) = X(t) - lim st0 X(s), t > and A X := 0. 
3 i.e. \{A) = \(-A) for all A £ B(E), 

4 As remarked in Linde [231 Chapter 5.4] we do not need to suppose that the integral 
f E (cos{x, a) — 1) \(dx) is finite. However, see Corollary 5.4.2 in ibidem, if A is a symmetric 
Levy measure, then, for each a G E' , the integral in question is finite. 
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Suppose E is a Banach space of martingale type p. Therefore, for a 
time homogeneous Poisson random measure r\ on E with intensity measure 
v € C(E), the process 

L(t) ■= [ [ zrj(dz,ds), t > 0, 
Jo Je 

is an .E-valued Levy process with triplet (0,m,i>), where 



= v \{xeE,\x\<i} and m = L , , 

J{x&e,\x\>i} 

For more details about the connection of Banach spaces of type p and sto- 
chastic integration we refer to Dettweiler [29J. 

3. Analytic Assumptions and Hypotheses 

Let us begin with a list of assumptions which will be frequently used 
throughout this and later sections. Whenever we use any of them this will 
be specifically written. 

(HI) B is an Banach space of martingale type p. 

(H2-a) A is a positive operator in B, i.e. a densely defined and closed 
operator for which there exists M > such that for A > 

||(A + A)- 1 !! < T ^ x , A>0. 

Moreover, (A + A) -1 : B — > B is assumed to be a compact operator. 
(H2-b) —A is a generator of an analytic semigroup { e ~ tA } t> Q on B. 
(H3) There exist positive constants K and i? satisfying 

(3.1) 

such that 

(3.2) \\A is \\ < Ke^, s G M. 

Let us now formulate some consequences of the last assumption. We begin 
with recalling a result from [24] 



Lemma 3.1. Suppose that a linear operator A in a Banach space E satisfies 
the conditions (H2-a), (H2-b) and (H3). Then, if fj, > 0, the operator 
A + fxl satisfies those conditions as well. The condition (H2-a) is satisfied 
with the same constant M and moreover there exists a constant K such that 
for each p, > 0, 

(3.3) \\(pL + A) is \\ <Ke*W, sGR. 
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Theorem 3.2. Suppose that a linear operator A in a Banach space E satis- 
fies the conditions (H2-a), (H2-b) and (H3). Then there exists a constant 
K such that for all [i > and a £ [0, 1], 

(3.4) ||(/x + A) a A~ a \\ < K 2 (pM + l) a , 

(3.5) \\A a (n + A)- a \\ < K 2 (l + J^L\ <K 2 {1 + M) a , 

(3.6) \\(n + AY a \\ < • M 



1 + 

Proof. Let us fix ^ > and a € [0, 1]. Consider an L(E , E)-v&lued function 
f(z), < Rez < 1, defined by 

f{z) = ( l i + AYA- z . 

This function is continuous in the closed strip < Rez < 1 and analytic in 
its interior. Prom the assumptions we infer that 

(3.7) ||/(»s)|| < \\(n + A) is \\\\A- is \\<K 2 e 2 ^,s£R; 
||/(1 + ^)|| < \\(» + A) is \\\\A- is \\\\(» + A)A- l \\ 

(3.8) < K 2 {iiM + l)e M l s l, seR. 

Therefore, the inequality (|3.4[) follows by applying the Hadamamard's three 
line theorem, see e.g. Appendix to IX. 4 in [60]. The proof of the other two 
inequalities is analogous. □ 

Lemma 3.3. Assume that —A is an infinitesimal generator of an analytic 
semigroup {e~ tA }t>o on a Banach space E. Assume that for an a; € (0, 
M > and r > 0, compare with Assumption II. 6.1 in [56j ; 

(3.9) YT := {z G C : \Argz\ < tt - u} U B c (0,r) C p(-A), 

where Bc(0,r) is the open ball in C centred at of radius r and p{—A) is 
the resolvent set of the operator —A, and 

i M 

(3.10) (A + z)- 1 \\ < ——, zer. 

1 + \z\ 

Then, there exists a constant 5 > and constants M a > for a > 0, such 
that 

(3.11) \\A a e- tA \\ < ^e~ 5 \ t > 0; 

(3.12) \\A- a (e~ tA - 1)\\ < M a t a e~ st , t > 0. 

Proof. For the first part see Theorem 6.13(c) in [56, Pazy]. If a < 1, for 
the second part see Theorem 6.13(c) therein. The general case follows by 
induction in [a], the integer part of a. □ 
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4. Martingale Solutions 
Consider the following stochastic evolution equation. 
(4.1) 

du(t) + Au(t)dt = F(t,u(t))dt + f z G(t,u(t);z)fj(dz,dt), t>0 
u(0) = Uq. 

We suppose that B is a separable Banach space and —A is a generator of 
an analytic semigroup {e~ tA }t>o on B. More detailed conditions on B and 
A are listed in assumptions (H1)-(H4) in Section [3l 

We shall define now a mild and, later on, a martingale solution to Problem 
dO). 



Definition 4.1. Assume that p £ (1,2] and B is a separable Banach space 
of martingale type p such that the Conditions (H1)-(H2) and (H3) from 
Section^ are satisfied. Assume that (Z,Z) is a measurable space and fj is 
a compensated time homogeneous Poisson random measure on (Z, Z) over 
(H, J 7 , F,P) with intensity measure v. Suppose that F is a densely defined 
function from [0, oo) x B to B and G is a densely defined function from 
[0, oo) x B to L p {Z,v,B), such that J z ls y(G(t,x; z))v(dz) = for all 
t € M+. Assume that uq € B. 

Assume that u is a B-valued, progressively measurable and cddldg process 
such that (F(t,u(t))t>o and (G(t,u(t)) t >o are well defined B-valued, resp. 
LP (Z, v, B) -valued and progressively measurable processes. Then u is called 
a mild solution on B to the Problem fl^. i| ) iff for any t > 0, 

(4.2) 



E 
and, 
(4.3) 



\F(r, u(r))\ B dr + 



•^Gfr.^jz) P v{dz)dr 



B 



< OO 



-a.s. 



u(t) 



e- tA u 



+ 



+ I e-^ A F(r,u{r))dr 
Jo 

e -(t-r)A G(r,u(r);z)fj(dz,dr). 



Definition 4.2. Assume thatp £ (1,2] and B is a separable Banach space of 
martingale type p such that the Conditions (HI )-(H2) and (H3) from Sec- 
tion^ are satisfied. Let (Z,Z) be a measurable space and v a a -finite mea- 
sure on (Z, Z) . Suppose that F is a densely defined function from [0, oo) x B 
in B and G is a densely defined function from [0, oo) x B in L p (Z,v, B), 
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such that j z lj }(G(i,x; z))v(dz) = for all t € R+. Let uo £ -B. 
j4 martingale solution on B to the Problem \4- 1\ ) is a system 

(4.4) (n,^,P 1 F 1 {r/(t)} t >o,{«(t)} t >o) 



such that 

(i) (Jl, F, P) is a complete filtered probability space with filtration F = 

{Ft}t>o, 

(ii) {rj(t)}t>o is a time homogeneous Poisson random measure on (Z,B{Z)) 
over (fi, T, F,P) with intensity measure v, 

(Hi) u = {u(t)}t>o is a mild solution on B to the Problem \4- 
We say that the martingale solution fi4-4\ ) to j4-l\ ) is unique iff given another 
martingale solution to ft4-l\ ) 



the laws of the processes u and v! on the space D(R+;i?) are equal. 

In the next paragraph we will formulate assumptions for our first main 
result. Firstly, we begin with introducing an auxiliary Banach space E on 
which the functions F and G will be defined. 

Assumption 4.1. We assume that E is separable Banach space of martin- 
gale type p such that 

(i) E B continuously and densely, 

(ii) E is invariant under the semigroup {e~ }t>o> an d the restriction of 
{e~ tA }t>o to E is an analytic semigroup on E. 

Remark 4.3. Later on we will take E to be a real interpolation space of 
the form Z>^(<5,pj§. Since by [9j Theorem A. 7] the space D^(5,p) is also a 
Banach space of martingale typep and since {e~ tA }t>o restricted to D^(6,p) 
is also an analytic semigroup, it follows that, if E = D^(5,p), then the 
Assumption \4- 1\ is satisfied. 

Assumption 4.2. There exists 5f G [0, 1) such that the map 

[0, oo) x E — > E is measurable, bounded and locally continuous with respect 

to the second variable, uniformly with respect to the first one. Let us denote 



5 For 0<<5<1, l<j><oo, Di(5,p) := {x G B : i 1_<5 \Ae~ tA x\ £ L?(0, 1)} (see e.g. 
Bergh and Lofstrom T, Chapter 6.7]), where 8 € (0, 1] is a certain constant. If 8 € (1, 2], 
then D%{8,p) = D%{8j2,p) (see Lunardi [48] Proposition 3.1.8, p. 63] ). 



(fi', F, P', F', W(z; t)} t >o, z€Z , K(t)}t>o) 



R F := sup{ A- 5F F(t,x) : (t,x) £R + x E 
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Assumption 4.3. Let (Z, Z) be a measurable space and v be a a-finite 
measure on it. There exists a 5g G [0, |) such that the function 

A~ 5g G :M + x£4 L p {Z, u; E) 

is measurable, bounded and locally continuous with respect to the second 
variable, uniformly with respect to the first one. Moreover, we assume that 

(i) J z l{ }(G(t, x; z))v(dz) = for all x G E and t G M + ; 

(ii) there exists a function h : Z — >• B such that \g(s,x, z)\b < h(z) for all 
(s,x,z) & ]R + x B x Z and J z \h(z)\ p u(dz) < oo; 

(iii) R G := {f z \A~ SG G(t,x; z)\ p E v{dz) : (t,x) eR + xE} is finite; 

(iv) for any uq G E and each e > there exists a 5 > such that 

[ \A- Sa [G(t, u; z) - G(t, u ; z)] \ P E v{dz) < e 
Jz 

for all t G M+ and all u G E satisfying \u — uq\e < S. 

Remark 4.4. If the maps A~ SF F(t,-) : E ^ E and A~ SG G(t, •) : E 
L p (Z,v;E) are Lipschitz continuous, uniformly with respect to t G M+, i.e. 
there exists a > such that for all t G M+ and all u\,U2 G £7, 

|A-^(F(t,n 2 )-F(t,m))| B < K|n 2 -m| £ , 

and 

/ \A- SG (G(t,u 2 ;z) -G(t, Ul ;z))\ p E v(dz) < K\u 2 -u x \ E , 
Jz 

then the SPDEs (|4,ip has a unique strong solution. In our work we are 
interested in the case when both these conditions are relaxed. 

Finally, we will impose the following assumption on the initial condition. 

Assumption 4.4. There exists 6j < | such that A~ Si uq G E. 

Theorem 4.5. Assume that p G (1,2] and B is a separable Banach space 
of martingale type p such that the Conditions (H1)-(H2) and (H4) from 
Section^ are satisfied. Let Z be a measurable space and fj be a compensated 
time homogeneous Poisson random measure on B(Z) x S(M+) over a com- 
plete filtered probability space (f2, T , F,P) with intensity v G M+(Z). 

Let 5 be a constant such that 5 > max(5c + p,8f — 1 + p,Sj). Suppose, 
that a function F satisfies the Assumption \4-'A an d a function G satisfeis 
the Assumption \4-3\ with E = D^(5,p). 

Then, for any uq satisfying Assumption \4.4\ there exists a martingale solu- 
tion 

(n,T,P,¥, {r/(t)} t >o,{n(t)} 4 > ) 
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to Equation (14.11) on B such that 

/>oo 

(4.5) / e- xt E\u{t)\ p E dt < oo. 

Jo 

Remark 4.6. The Assumption (H4) is not needed, since it can be compen- 
sated by taking A + XI instead of A. 

As we pointed out in paragraph 12 .1\ one can construct from a Levy process 
a time homogeneous Poisson random measure on a Banach space and vice 
versa. Hence, Theorem 14. 51 can be written in terms of a Levy process. Let Z 
be a Banach space, L = {L(t) : t > 0} be a Z-valued Levy process, F and 
G certain mappings specified in the next paragraph. Thus we are interested 
in the following stochastic equation. 

, 4g , ( du{t) + Au(t)dt = F(t,u(t))dt + G(t,u(t))dL(t), 
. -u(O) = u . 

As before we need an underlying Banach space B and an auxiliary space 
E. Therefore, again, we assume that B be a separable Banach space and 
—A is a generator of an analytic semigroup {e~ tA }t>o on B satisfying the 
assumptions (H1)-(H4). Furthermore, E satisfies the assumption 14.11 

Now, by Theorem 14.51 one can give conditions under which a solutions 
exists. But before doing this, Assumption 14.31 have to be rewritten. 

Assumption 4.5. Let Z be a Banach space. There exists 5g G [0, ~) such 
that the function 

A~ Sa G : R + x E -> L(Z,E) 

is measurable, bounded and locally continuous with respect to the second 
variable, uniformly with respect to the first one. In particular, we assume 
that 

(i) R G := {\A- 5 GG(t,x)\ L[Z}E) : (t,x) G R + x E} is finite; 

(ii) for any uq G E and each e > there exists a 5 > such that 

\A- 5 « [G(t,u)-G(t,u )}\ L{z>E) <e 
for all t G M+ and all u € E satisfying \u — uq\e < 5. 

Theorem 4.7. Assume that p G (1,2] and B is a separable Banach space 
of martingale type p such that the Conditions (H1)-(H2) and (H4) from 
Section^ are satisfied. Let Z be a Banach space of type p and L = {L(t) : 
< t < oo} be a Z-valued Levy process of pure jump type over a complete 
filtered probability space (fl, F, F,P) with characteristic v G A4(Z). 
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Let 5 be a constant such that 5 > max(<5G + r, d~f — 1 + ~, <5j). Suppose, that 
for a function F the Assumption \4-2\ and a function G the Assumption \4-5\ 
with E = D^(5,p) are satisfied. 

Then, for any uo satisfying Assumption \4-4[ there exists a system 

(Q,T,F,¥,{L(t)} t > ,{u(t)} t > ) 

such that 

(i) (fi, J-, F, P) is a complete filtered probability space with filtration F = 

{•7~i}t>o; 

(ii) {L(t)}t>o * s a Z -valued Levy process with characteristic measure v over 
(n,J",F,P); 

(Hi) u = {u(t)}t>o is a B-valued, adapted and cddldg process such that 
(F(t,u(t))t>o and (G(t,u(t))t>o are well defined B-valued, resp. L(Z,B) 
valued and progressively measurable processes with P-a.s. 

u (t) = e - tA u + f e- {t - r)A F(r,u(r))dr + f e -('" r ) A G(r,u(r)) dL(t). 
Jo Jo 

Moreover, there exists a A G M. such that it satisfies 

/•oo 

(4.7) / e' xt E\u(t)\ p E dt < oo. 

Jo 



5. Stochastic reaction diffusion equations 

The next assumption uses a notion of a subdifferential of a norm ip, see 
|26j . Given x,y G X the map <p : R 3 s H > \x + sy| G X is convex and 
therefore it is right and left differentiable. Define D±\x\y to be the the 
right/left derivative of (p at 0. Then the subdifferential d\x\ of |x|, x £ X, 
is defined by 

d\x\ := {x* G X* : D^\x\y < (y,x*) < D+\x\y,\/y G X} , 

where X* is the dual space to X. One can show that not only d\x\ is a 
nonempty, closed and convex set, but also 

0\x\ = {x* G X* : (x,x*) = \x\ and < 1}. 

In particular, <9|0| is the unit ball in X* . 

Assumption 5.1. The mapping F : [0, oo) x X — > X is separately contin- 
uous with respect to both variables. Moreover, there exist a constant k G R 
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and an increasing function a : M + — > M + with lim^oo a(t) = oo such that 
for all x G D(A), y G X and t > 

(5.1) < -Ax + F(t,x + y),z >< a(\y\ x ) - k\x\ x , 

for any z G x* = d\x\. 

Remark 5.1. Later on we will take for X an intermediate space between B 
and E. 

To show our next result, i.e. Theorem 15. 2^ we approximate the possi- 
ble unbounded mapping F by a bounded mapping and apply Theorem 14.51 
Therefore, we will introduce the following Assumption. Studying our ex- 
amples you will note that this Assumption is satisfied in many interesting 
applications. 

Assumption 5.2. There exists a sequence of bounded mappings F n : [0, oo)x 
X —> X such that 

• F n converges pointwise to F in B 

• F n satisfies the Assumption \5. 1\ uniformly in n. 

Later on we shall also need some of the following conditions. 

Assumption 5.3. There exist numbers ko > and q > p such that the 
Assumption \5.1\) is satisfied with a function a : M + — > 1R+ defined by 

a (r) = k (l + r q ), r > 0. 

Assumption 5.4. (i) There exists constants M, a > such that 

\e- tA \ L{X ,x)<Me- a \ t > 0. 
(i) The constant k from Assumption \5.1\ is positive, i.e. k > 0. 

In the main result of this section we replace the boundedness assumption 
of F by the dissipativity of the drift — A + F. Thus, under the weaker 
hypotheses on the perturbation, we can proof the following Theorem. 

Theorem 5.2. Assume that p G (1,2] and B is a separable Banach space 
of martingale type p such that the Conditions (H1)-(H2) and (H4) from 
Section^ are satisfied. Let Z be a measurable space and fj be a compensated 
time homogeneous Poisson random measure on B(Z) over a probability space 
(n,T,¥,F) with intensity v G M(Z). 

Let 5 > max(0,<5,F - 1 + + 7 < 1 ~ \, and & = 1 - § be fixed. 

Put E = D^(5,p), Xq = [E, B]q, and X\ := D^(j,p). Suppose, that for a 
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function G the Assumption \4-3\ is satisfied. 

If X is a separable Banach space such that Xq X «— )■ X\ continuously, 
then for any function F : [0, oo) x X — > X satisfing the A ssumptions 1 5. 1\\5. 4\ 
and any uq satisfying Assumption \4-4\ there exists a martingale solution 

(0,7-,P,F,{?7(t)} t >o,{n(t)} 4 >o) 

on B of Problem H4-l\ )- Moreover, this solution is q integrable in X, i.e. 
there exists a real number A < oo such that 



poo 

j e~ xt E\u(t)\ q x dt < oo. 
Jo 



Remark 5.3. Similarly to Theorem \4- 7\ which was reformulated in terms 
of Levy processes by Theorem\4 - 1\ we can reformulate Theorem \5.2\ in terms 



of Levy processes. However, because it would exceed the scope of the paper 
we omit it. 

6. The Reaction-Diffusion Equation with Levy Noise of 

Spectral Type 

Through the whole Section, let O be a bounded open domain in W 1 , d > 1, 
with C°° boundary, a > and let p G (1, 2] be a fixed number. 

Let {Li : i G N} be a family of i.i.d. real valued Levy processes with 
characteristic z^r, where i% is a Levy measure over R. Our aim in the section 
is to specify the conditions under which Theorem 15.21 covers an equation of 
the following type 

(6.1) 

du(t,£) = Au(i,£) dt - |n(t,^)| 9 sgn(n(t,^)) +u(t,£) dt 

+ sin(u(t,0) EZl i- a ei(0dL t (t), t > 0, £ E O, 
u{t,£) = 0, £edO, t>0, 
<Q,0 = MO, 

where A is the Laplacian with the Dirichlet boundary conditions, {e^ : i € N} 
are the eigenfunctions of A and a is choosen, e.g. , according to 

d d ( 1 1\ 3 3 

-< — [a h h -• 

p 2p \ 2 p J p q 

First, we will describe how to reformulate the sum of Levy processes 
in terms of a Poisson random measure. Then we define a more general 
deterministic setting. 
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i=l 



6.1. The stochastic setting. Let {e^ : i G N} be an orthonormal basis in 
L 2 (0) and let n be a Levy measure on R such that 

Cv := / |,zj p Z4j(dz) < oo. 

We define a Levy measure f by 

oo 

v : V(N) x B(R) 9 (/ x B) ^ ^ lj(n) i/r(£). 

71=1 

Let 77 be a time homogeneous Poisson random measure onffxl over a 
complete filtered probability space (£l,J-~, F,P) with intensity v. Let A = 
(Af)igN S Z (R) be a positive sequence and define a process L = {L(t) : t > 
0}by 

oo ft r 

t i-t L(t) := 2_] / / Xidi zfj({i},dz,ds) 
~~1 Jo JR 

If Xi = i~ a , i G N, then 

i=l 

on L 2 (C). 

6.2. The deterministic setting. Let O be a bounded open domain in R d , 
d > 1, with C°° boundary. Let 

(6.2) A := E^(M*)^)+«o(*) 

i,j=l 

be a second order uniformly elliptic differential operator, where 
for i,j = 1, . . . , d. Assume that the functions and ao are of C°° class on 
O. In particular, suppose that there exists a C > such that for all x G O 
and A G R d 

d 

(6.3) a ij {x)X i X j > C|A| 2 , 

Then, hypothesis (HI), (H2) and (H3) are satisfied for all B = H^' p (0), 
7 G M (see e.g. [561 Chapter 5.2]) 

6.3. The equation. Let ^2 be the realisation of A in L 2 (0), i.e. the opera- 
tor *4 from (16. 2p . Assume, for simplicity, that Ai is selfadjoint. Then, since 
O is bounded, A^ 1 exists and is compact. Hence, an ONB {ei,i G N} of 
L 2 (0) consisting of the eigenvectors of the operator A2 with real eigenvalues 
{pi, i G N} exists. It is known that pi ~ 12 as i — > 00. 
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Let A be the operator defined by 

(6 . 4) | DW ■= {J* e ^ O 7+2,P (0) I ^ G H'f'P(O)}, 

Now, we are interested in an SPDEs of the following type 
(6.5) 

' du{t) = Au(t) dt + F(u(t)) dt + 

sin(u(*)) JJ {i z)mxR ei z fj({i} x dz, dt), t > 0, 

u(t) = Uq, 

where F = F^ q : C fc °(0) -> Cg(0) is defined by 

= -|n(e)| 9 sgn(n(0) + M0- 

Remark 6.1. Observe, Equation (j6. 1 j) is £ae same type as Equation (I6.5P , 
onZy written in terras of Levy processes. 

The following Theorem can be proved by verifying the assumptions of 
Theorem E2 

Theorem 6.2. Under the conditions described above let us assume that 
A n = 0(n~ a ) for a real number a > and that there exist numbers r € [p, oo) 
and 5 S K suc/i that the inequality 



d d 
r 2p 



a 



1 1 

2 + r 



3 3 
- + - 

P Q 



and 



. 2 d 
S + -< — 
p 2p 



a 



1 1 

2 + p 



is satisfied. Then there exists a martingale solution to Problem (16. 5h in 
B = H 5 ' r (O). 

Corollary 6.3. Let O C M. d be a bounded domain with smooth boundary and 
let A be the Laplace operator. Let L = {L(t) : t > 0} be a one dimensional 
Levy process with characteristic measure v such that for ap £ (1,2] we have 
J" R \x\ p v{dx) < oo. We consider the following stochastic partial differential 
equation 

Au(t, £) dt - u(t, £) 3 dt + u(t, £) dt 
+ sin(u(i,C)) £ > 0, 

0, £ € 00, 

«o(0. £ e ^ 5 

where uq S L q {0), q > p. It follows from our main result, i.e. Theorem \5.2[ 
that there exists an L q {0)-valued cddldg process u = {u(t) : < t < oo} 
which is a martingale solution to problem (16. 6j) . //no € Hq ,(1 (0) with 7 > ^, 



(6.6) 



u(0,0 
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then there exists a HQ ,q (0) -valued cddldg process u = {u(t) : < t < oo} 
which is a martingale solution to problem (|6.6p . 

Proof of Corollary \6.3l Since the Levy process is a one dimensional Levy 
process and the function R 3 £ i— > sin(£) is infinitely often differentiable, the 
a in Theorem 16,21 can be taken arbitrary large. Thus, the only restriction 
is given by the initial condition. Since uq is supposed to be in L g (0) and 
L q {0) is of martingale type p, the trajectories of the solution u to Problem 
(|6.6p are cadlag in L g (0). The second claim can be shown similarly. □ 

Proof of Theorem \6.SX We will show, that Theorem 15.21 is applicable. We 
will first analyze the stochastic term, then, secondly, the nonlinearity, and 
finally, as third step, we will choose the right Banach space to which the 
solution will belong. 

Part I: The stochastic perturbation: The first step is to identify the 
Banach space, in which the stochastic perturbation takes values. 

Claim 6.1. Fix r > 2. If \ = i~ a , i G N, for 

(6.7) Q>1+J) (2 + I_i) 

then the function G:NxR9 (i, x) i->- x&i G L P (Z, v; Hq' t {O)) satisfies 
\\ \G(i,z)\ p rrf ,r fn ^du(i,dz) = y~] / \G(i, z)\ P jp,r^Xi m(dz) < oo. 

Proof of Claim Wl\ This can be proved by straightforward calculations. By 
interpolation, for all 7 G (0, 2) 

\u\ H -y,r < \u\ff2,r \ U \ 2 , U G H ^ ' (O) . 

Secondly, by a special case of the Gagliardo Nirenberg inequality, for all 
j G No and r > 1 with i = | + ^ — there exists a constant C such that 

|Ll%| Lr < C \D m u\ a L2 , u G F 2 ' 2 (0). 

Hence, for any 7 G (0, 2), r > 2 and m > 2, m G N, with 7 < d (i + ^ - |) 
there exists a constant C such that 

k|ffr.r < C \u\™t^™ M^™"^™ , u G tf 2 < 2 (0). 

Since „4 is strongly elliptic and of second order, we know by [56\ Chapter 
4.10.1, Chapter 5.6.2] that for the i-th eigenfunction e«, i G N, \ei\ H2 ,2 = 
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2 

0{i~d). Therefore, 



f ( "f 1 1 d \ 

V / Xilxe^Mdx) < | ei |^ 2 +(3_?hj 

oo 

(6.8) < C ^Ao p (3+(i-v)). 

i=l 

Now, since ([621) the RHS of (USD is finite. □ 
Part II: The nonlinearity: Let us consider a function / by 

(6.9) / : [0, oo) x O x E 9 (i, f , tt) /(t, £, u) G M. 

Obviously, / is a separately continuous real valued function and satisfies the 
following condition 

(6.10) 

-K(l+\u\n {um ) < f(t,£,u) < K(l+\u\n {um ), t>0,t£O,u£R, 

where K > 0. It follows, that if / satisfies the condition (|6.1U|) then f(t, £, v+ 
z)sgnv < K(l + \z\ q ) for all v,z € R and t > 0, ^ £ O. Therefore, a map 
F : X — ^ X, where F(u), u G X, is defined by 

(6.11) F(u)(t,0 := /(*,£, u(0)i CeO, 

satisfies Assumption 15.11 and 15.21 with X = Cq (R jj Approximating / by a 
sequence (/ n )neN ; where 

f{t,£,u), Hue [-n,n] 
f n (t,x,u) := < /(*,£, n), if u>n, 
J(t,€,-ri), if it <-n, 

we obtain a sequence (F n )„ g N defined by 

F n : M+ x X 3 (t,u) M- {0 9 £ M- /„(U,u(0)} G ^ 

which satisfies Assumption 15.21 



Part III: The triplet of Banach spaces: To verify that there exists a 
solution to equation (|6,5p . one has to specify the underlying Banach spaces 
B, E and JTo- For this purpose, we choose 70 < 71 < 72 and let us define 
auxiliarly spaces 

E = H^ r (0), X = H^ r (O), B = H^ r (0). 



3 C (<5) := {u e C(6) : u\ ao = 0}. 
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Then, we fix r £ [p, oo) and 7 such that 

7< ~{a-l)-d(\--) , 
p \2 r J 

and put X\ = H7' r (0). Let us note that due to the assumptions of the 
Theorem 15,21 the embedding X\ B has to be continuous. Therefore, 
70 < 7 has to be satisfied. Moreover, Claim 16.11 implies that there exists 
a 5q < |, such that A~ s °Xi C E. Hence, G satisfies the Assumption 
14.31 Now, we choose the entities 70, 71 and 72 according to the following 
constrains. 



2 

P' 

(iii) 7 2-7o>2(fc + i), (iv) 71 > 7, 



(i) 72 < 7+|, (") (72-7o)(l-f) <2,, 



(v) 71 = 72 - (72 - 70) (1 - §)• 

For the time being, we assume that conditions (i) to (iv) are valid. Con- 
sequently, E, X, Xq, X\ and B satisfy the assumption of Theorem 15.21 
Indeed, if 

d 2 4 

- < 7- - + -, 
r p q 

or 

d, . d 2 4 
< - Q -l - --- + -, 
p 2 p q 

then we can find 70, 71, 72 and 5q satisfying conditions (i) to (iv). Fix 

5i < min(l, ^(72 — 70). It follows that for xq £ Hq 2 ~ 2Sf (O) there exists a 

martingale solution to (|6.5p on B = Hq ' 1 (O). 

It remains to show, if (i) to (iv) are valid, then E, Xo, X = Cq(0), X\ 

and B satisfy the assumption of Theorem 15.21 From 5q < ^ follows, that G 

satisfies Assumption 14.31 From (i) follows that X «— )■ X\ continously. From 

(ii) follows that 5 = ^(72 — 70) that 5 > Sq + |- From (ii) follows that 

Xo )■ X contiuously. From (iv) follows that > 1 — -. □ 

7. The Reaction-Diffusion Equation of an arbitrary Order 
with Space Time Levy Noise 

In this chapter we want to apply our main result, i.e. Theorem 15.21 to a 
SPDEs of reaction diffusion type driven by so called space time Poissonian 
noise or impulsive white noise. This kind of noise is a generalisation of the 
space time white noise and is treated quite often in the literature, e.g. in 
Peszat and Zabczyk [571 Definition 7.24] or St Lubert Bie [8]. 
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First, we will introduce the space time Poissonian noise, and, secondly, 
the deterministic part of the equation. Finally, we present our result, i.e. 
the exact condition under which a martingale solution of such an reaction 
diffusion type equation with space time Poissonian noise exists, dz, 

7.1. The space time Poissonian white noise. Similar to the space time 
Gaussian white noise one can construct a space time Levy white noise or 
space time Poissonian white noise. But before doing this, let us recall the 
definition of a Gaussian white noise (see e.g. Dalang |25j). 

Definition 7.1. Let (f^J 7 , P) be a complete probability space and (S,S,a) 
a measure space. A Gaussian white noise on (S,S,a) is an J- / M(S) 
measurable mapping 

W : Q -> M(S) 

such that 

(i) for every A E S such that o~(A) < oo, W(A) := i A aW is a real valued, 

Gaussian random variable with mean and variance o~(A); 

(ii) if the sets A\,A 2 E S are disjoint, then the random variables W(-Ai) 
and W(A 2 ) are independent and W{A\ U A 2 ) = W{A X ) + W(A 2 ). 

Now having defined the Gaussian white noise, the space time Gaussian 
white noise can be defined as follows. Let O C M. d be a bounded domain 
with smooth boundary. Put S = O x [0, oo), S = B{0) ® B([0, oo)) and a 
the Lebesgue measure on E. Then, by definition, the space time Gaussian 
white noise is the measure valued process process {W( ■ x [0,t));t > 0}. If 
(JljJ 7 , F,P) is a filtered probability space, then we say W is a space time 
Gaussian white noise over (O, J 7 , F,P), if the measure valued process t h-> 
W(- x [0,t)) is F-adapted. 

Moreover, one can show that the measure valued process t i— > W( - x [0, t)) 
generates, in a unique way, an L 2 (C)-cylindrical Wiener process (Wt)t>o, see 
[131 Definition 4.1]. In particular, for any A E O such that \(A) < oo, and 
anyt>0, W t (l A ) = W(Ax [0,t)). 

In a similar way, one can define a Levy white noise and a space time Levy 
white noise. 

Definition 7.2. Let (Cl,J-,¥) be a complete probability space, let (S,S,o~) 
be a measurable space and let v E £(R) (see Definition \2.8\) . Then a Levy 
white noise on (S, S, a) with intensity jump size measure v is an 
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F / M.{S) -measurable mapping 



L-.U^ M(S) 



such that 



(i) for all A G S such that o~(A) < oo, L{A) := i^o L is a infinite divisible 
M-valued random variables satisfying 



(ii) if the sets A\,A<i G S are disjoint, then the random variables L(Ai) 
and L{A2) are independent and L{A\ U A2) = L{A\) + L(A2). 

Definition 7.3. Let (f2, F, P) be a complete probability space. Suppose O C 
M d be a bounded domain with smooth boundary and put S = O x [0, 00), 
5 = B{<D) x £>([0,oo)) and a the Lebesgue measure. Let v G £(R). // 
L : Q — > M{S) is a Levy white noise on (S,S,a) with intensity jump size 
measure v, then the measure valued process process {L{- x [0,t));t > 0}, is 
called a space time Levy noise on O with jump size characteristic 
v. If (Q, J-, F,P) is a filtered probability space, then we say L is a space 
time Levy white noise over J 7 , F, ¥), if the measure valued process 
{L( ■ x [0,t)); t > 0}, is F~adapted. 

Remark 7.4. Let L be a space time Levy white noise. The measure valued 
process t i->- L( ■ x [0, t)) is a weakly cylindrical process on L 2 (0) (see 
Definition 3.2 [5]j. 

Proposition 7.5. If L is a space time white noise, then the process t 1— > 
L( • x [0,i)) is an impulsive cylindrical process on L 2 (0) with jump size 
intensity v. The distribution of the time derivative dL/dt is an impulsive 
white noise with the jumps size intensity v . 



The operator C c (0) 9^4 Z(t,<j>) G L 2 (Q,F,F]R) can be uniquely ex- 
tended to L 2 (0). Thus, by Definition 7.23 [57] an impulsive cylindrical 
process on L 2 (0) with jump size intensity v is given by the unique L 2 (0)- 
valued process such that for all <fi G L 2 (0) 






z(t,4>) = {4>,z{t)), t>o. 



C c {0) denotes the set of all compactly supported continuous function. 
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Since the set of simple functions are dense in L 2 (0), it is sufficient to prove 
for all A G B(0) 

Ee -ie a z(t,i A ) 

(7.1) = exp(t\{A)J (l-e Wax -ism{6ax)^j v(dx)^J , t>0. 

But the identity (f7TT]) follows from the fact that Z(t, 1a) = L(Ax [0, t)) for all 
t > and from part (i) of Definition 17.21 Now, approximating an arbitrary 
4> € L 2 (0) by a sequence of simple functions, part (ii) of Definition 17.21 gives 
equivalence of the two Definitions. □ 



Going back, again, in the very same way, one can first define a Poissonian 
white noise, and then, a space time Poissonian white noise. 

Definition 7.6. Let (r^J 7 , P) be a complete probability space, let (S,S,o~) 
be a measurable space and let v E £(R). Then the Poissonian white noise 
on (S,S,a) with intensity jump size measure v is a T j M.(Mj{S xR)) 
measurable mapping 

r] : n ->-M(Mj(S x R)) 

such that 

(i) for all Ax B S S x £>(R), rj(A x B) := iaxB on is a Poisson distributed 

random variable with parameter a (A) v{B), provided cr(A) v(B) < oo; 

(ii) if the sets A\ x B% € S x B(M) and A2 x B2 € S x £>(R) are disjoint, 
then the random variables r](Ai x B\) and rj(A2 x B2) are independent 
and 77 ((Ai x B x ) U {A 2 x B 2 )) = n(A 1 x B{) +r)(A 2 x B 2 ). 

Again, let O C R d be a bounded domain with smooth boundary. Put 
S = O x [0, 00), S = B{0) ® S([0, 00)) and <r the Lebesgue measure. Then, 
by definition, (homogeneous) the space time Poissonian white noise is the 
measure valued process process [0, 00) 9 t \-> H(t) G Mj(0 x [0, 00)) where 
{II(t),i > 0} is defined by 

(7.2) U(t) : B(0) x B(R) 9 (A, B)^r)(AxBx [0, £)) G N. 

Again, to fix our notation we will call v the jump size intensity measure of 77. 
If (fi, J 7 , F, P) is a filtered probability space, then we say 77 is a (homogeneous) 
space time Poissonian white noise over (fi, J 7 , F,P), if the measure valued 
process t h-> II(t) defined in (I7.2p is F-adapted. Compare also [571 Definition 
7.2]. 
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Remark 7.7. The compensator 7 of a homogeneous space time Poisson 
(white) noise with jump size intensity v is a measure on O x M x [0, 00) 
defined by 

B(0) x B(R) x B([0, 00)) 3 {A, B, I) ^ ~f{A x B x /) = \(A) v(B) A(I). 

Our main result is formulated in terms of Banach spaces. Therefore, in 
order to apply our main results to the space time Poissonian white noise, 
we have to construct a time homogeneous Poisson random measure taking 
values in a Banach space. Therefore, we will finish this section with the 
following Proposition. 

Proposition 7.8. Let 0Cl l! be a bounded domain with smooth boundary 

and v € Let rj be a space time Poissonian white noise on O with jump 

i-d. - 

size intensity v. Let Z = Bp iOQ (O). Then the random measure r/z ■ Q 
M(Z x [0,oo)) defined by 

B{Z) x B([0,oo)) 3 (B,I) h-> 
(7.3) Vz (BxI):= [ [[ l B ((6s)r)(de,d(,dt). 

is a time homogeneous Poisson random measure on Z = Bp >00 (O) with 
intensity v given by 

B (Z) 0(B) := [ [ 1b(C<*$) d£. 

Jr Jo 

Proof. Since (B^(0))' = B^(O), see Section 2.1.5 [EE], and B^(0) ^ 
C (O), see Section 2.2.4 [61, p. 32], the mapping R X O 3 (C, ■->■ C<% G Z 

is well defined and measurable. Therefore, rjz is P-a.s. a measure on Z = 

i-d. — . 

-Bp,oo (C)- That r]z is a time homogeneous Poisson random measure follows 
from the fact that r\ is a time homogeneous Poisson random measure and 
1 b does not dependent on the time. Therefore, straightforward calculations 
show that r]z is actually a time homogeneous Poisson random measure on 
Z with intensity v. □ 

7.2. The deterministic setting. Let O be a bounded open domain in R d 
with boundary dO of C°° class. Let A be an second order partial differential 
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operator. We assume that it is given in the following divergence form 

d 



9 ( <^ 9 <®\^ 



(7.4) 



X>(0 



i=l 



du(0 



+ e(0O 



with all coefficients of C°° class on the closure O of a bounded domain C°° 
domain O and the matrix [ojj(x)] not necessary symmetric. We define an 
operator A = A q , where q G (1, oo), in E = L q (0) by 

D(A) = H^(0), 

Au = (-l) k ~ 1 A k u, if u € D(A). 



7.3. The Equation. Fix p S (1,2] and q > p. We keep the notation 
introduced in Section 17.21 Let L be a space time Levy white noise with 
intensity jump size measure v € £(R), see Definition 17.21 Suppose that 
g : R x O — > L P (R, z^;R) is a bounded and continuous function. Now, the 
SPDEs which we are interested can be heuristically written in the following 
form 

( 



(7.5) 



&u(t,0 = Au(t,0-\u(t,0\ q sgn(u(t,0) + bu{t^) 

+ g(u(t,S);S,-)[L(S,t)],SeO,t>0, 

u(0,0 = «o(0. 
u(t,£) = 0, for £ € dO, t > 0, 

where roughly speaking L denotes the Radon-Nikodym derivative of the 
space time Levy white noise L, i.e. 

dL(£,t) 



We define the solution to the problem (|7.5p in the weak sense. 



dtdi 



Definition 7.9. A weak martingale solution to equation (7.5) is a system 

(7.6) (Q, T, P, F, {L(t, 0}t>o,(eo, M*)}t>o) 

where 

(i) (Q, J 7 , F,P) is a complete filtered probability space with filtration F = 
{Ft}t>Q, 

(ii) {L(t, £)}t>o,£e0 * s a space £ime Levy process on O with jump intensity 
measure v over (ft, F,P), 
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(Hi) u is an ¥ -adapted stochastic process such that for any <p E C°°(M + xO) 
the real valued process {{u,(p) : t 6 R + } satisfy the following equation 
F-a.s. 

(7.7) 

U (s,0<t>'(s,0<%ds= / u m(t,Odti- / / u(8,Z)A*tj>(s,t)dtd8 
o Jo Jo Jo Jo 

oo r /■oo p 

/ \u(s,0\ q sgn(u( S ,d)<f>(s,ti)dt;ds+ / / bu(s,Q(t>(s,OdZds 
io Jo Jo Jo 

roc p p 

+ / // 9 (u(s,0;t;,0<f>(0L(dZ,dCds). 
Jo J JRxO 



The following result will be proved by applying the Theorem 15.21 

Theorem 7.10. Under the conditions described in the subsection \ 7.,'3\ for 

any uq € H (0) there exists a martingale solution to (|7.5p in B = 

Hq^' t (0) provided the inequalities 

j 2k J 1 l \ t i d 
d < h4 and 7 > d 

p \q pj p 

are satisfied. 

The same Theorem can be reformulated in terms of space time Poisson 
noise. But, since such a result would not differ significantly from the last 
one, we omit it. 

Proof, of Theorem \7.10c We will show that the Theorem 15.21 is applicable. 
As in the proof of Theorem 16.21 we have to find an appropriate quadruple 
of Banach spaces satisfying the assumption of Theorem 15.21 We will first 
analyse the stochastic term. Then, secondly, we will analyse the nonlinearity. 
Finally, we will choose the right Banach spaces which are used in Theorem 

Part I: The stochastic term: First, note that we can replace L by a 
space time homogeneous Poissonian white noise rj with intensity jump size 
measure v. This follows from the introduction of the Section [7.11 Now, we 
construct a Poisson random measure on a Banach space which describes the 
impulsive white noise with jump size intensity v from Definition 17.61 For 

this aim we set Z = Bp yOQ (O) and introduce a time homogeneous Poisson 
random measure r]z on Z by defining for B £ B(Z) and I € B(M+) 

rjz(B x /) := / // l B (x5^)ri{dx,d^dt). 

J I J JRxO 
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By Proposition 17.81 it follows that T)z is a time homogeneous v given by 

B (Z) 3B^ v{B) := f f l B (C<y v(d() d£. 

As a next point, we have to identify the operator G of Eq uation 14 . 1 1 acting 
on L P (Z, 0, B). In the first step, we define a map 

Go : C(6) xRx6b(u,(,0^ gW-),;Ok e bU(6). 

Now, by Proposition ID, II the operator Go can be extended to a continuous 
operator G acting on L p (0) xRx0. In fact, if g is bounded and continuous, 
then 

(7.8) G : L p {0) xRxO-> B^{0) 

satisfy the Assumption 14,31 

Part II: The nonlinear term: Let us define a function / by setting 

f :[0,oo) x O xR^R: (t,x,u) ^ -\u\ q sgn(u) + bu. 

It is obvious that / is separately continuous. Moreover, see Manthey and 
Maslowski [50], there exists a constant K > such that 

(7.9) 

-K(l + |u|n {u > 0} ) < f{t,x,u) < K{1 + |n|n {u < 0} ), t > 0, x G O, u G R. 

It follows, that if / satisfies the condition (|7.10p then 

f(t,x,v + z)sgnv < K(l + \z\ q ) 

for all v, z G R and t > 0, x G O. Therefore, as in the previous example 
put X = C {R%. Now, the map F : X X, where F(u), u G X, is defined 
by (compare 16. lip 

F(u)(U) := /(i,£,u(0)i CeO, 
satisfies Assumption 15.11 and 15.21 on X. 

Part III: The quadtruple of Banach spaces: We will specify the un- 
derlying Banach spaces B, E, Xq and X\. For this purpose, let us choose 
fixed 70 < 7i < 72 and let us define the auxiliar spaces 

E = H?*(0), X = Hp' p (O) B = H^> p {0). 

First, we fix 7 such that 

8 Co(<5) := {u G C(O) : u\ ao = 0}. 
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and put Xi = H^' p (0). In Part I we have shown, that if A~ &G Xi C E 
where 8g < - , then G defined in (|7.8p satisfies the Assumption 14.31 Since 
A : H s 'P(0) ->■ H s - 2k 'P(0) isomorphically, we put 72 = 7 + 2k5 G . Now, 7o 
and 71 are chosen according to the following constrains. 

(i) 72<7 + f, (ii) ( 72 -7o)(l-f)<2, 

(iii) 72-7o>2(fc + J), (iv) 71 > 7, 

(v) 7l =72 - (72 -7o)(l - §)• 

For the time being, we assume that if (i) to (v) are valid. Let 5j < 1 and 
put X\ = ( I — A) -57 ^. Consequently, E 1 , X, Xo, Xl, and B satisfy the 
assumption of Theorem 15.21 Thus, if 

A 4 2 

d < , 

q p 

then 70, 71, 72 and Sq can be found satisfying (i) to (iv). Fix 5i < 
min( 1,^(72 — 70)- It follows that for and xq G Hq 2 ~ 26f (O), there exists 
a martingale solution to ()6.5[) on B = HQ ' r (O). 

It remains to show, if (i) to (v) are valid, then E, Xq, X, X\ and B satisfy 
the assumption of Theorem 15.21 From 5q < | and 7 < — (d — ^) it follows, 
that G satisfies Assumption 14.31 From (i) follows that X <—> X\ continously. 
From (ii) follows that 5 = ^(72 — 70) that S > Sq + -■ From (ii) follows that 
Xq <-} X contiuously. From (iv) follows that 6 > 1 — | . □ 

8. Some Auxiliary Results 

The purpose of this section is twofold. First we will summarize some 
results concerning the deterministic convolution process. Here we will use 
results already shown in [27] and [TO] . Secondly, we will state several results 
concerning the stochastic convolution process. We begin with introducing 
some notation. 

Remark 8.1. Without loss of generality we can assume that A generates 
a semigroup of contractions on the underlying Banach space B. This is no 
restriction, since if A satisfies (H2-b), then there exists a number v > 
such that A — vl generates a semigroup of contractions. In this case A 
appearing in the estimate (14. 5j) has to be chosen at least larger than v . 

Notation 8.1. For any Banach space Y and numbers q G [1, 00), A 6 1, 
we denote by 1j 9 x (M + ;Y) the space of (equivalence classes of) measurable 
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functions u : [0, oo) — > Y such that J °° e _As |u(s)|y ds < oo. Equipped with 
the norm 



i 

oo 

Xs 



L|( R+; y):= / e- Xs \u( S )\ q Y ds) q , u e1L{(R + ;Y). 



JLi(R + ;Y) is a Banach space, see e.g. |2Uj . The compact sets o/!L^(R + ; Y) 
can be characterized by the Sobolev space W"' P (R+; Y) which consists of all 
u € TL P X (R + ;Y) such that 

r r e -ww-*K *.*<*>. 

Jo Jo | t - a |i+«P 

The space W^'^(M+; Y) equipped with the norm (see also Appendix\J^) 

1 



\u\ 



is a (separable, ifY is separable) Banach space. 

Furthermore, we will denote by C(M + ;Y) the space of all continuous func- 
tions. We equipp C(R + ; Y) with the topology induced on compact intervals. 
In particular, x n — > x in C(R+; Y), iff for all T > 0, l[o,r] x n l[o,T] x * n 
C([0, T];Y). We will denote by C^(R+; Y) the space of all continuous and 
bounded functions u 6 C(R+; Y) such that for any T > 

■ ■ \ u (t) ~ u ( s )\y 

(8.1) \\u\\ C fJ(0,T;Y) := SU P \ U { t )\Y + SUp rg 

o<t<T o<s<t<T \t — «r 

is finite. 

Next, by B(R + ,Y) we will denote the space of all cddldg functions u : 
[0, oo) — > Y . Here, we equipped B(R + ; Y) also with the topology induced on 
compact intervals. In particular, x n — >■ x in D(R+;Y), iff for all T > 0, 
\o,T}Xn \o,T\x m B([0,T]; Y). 

Remark 8.2. A known fact is that the Skorohod topology is weaker than 
the uniform topology (see e.g. \55\ Lemma 6.8, p. 248]j ; i.e. the embedding 
i+;Y) B(R + ; Y) is continuous. 



In the part dealing with the stochastic convolution process we will need 
also the following notation. 

Notation 8.2. For any Banach space Y and numbers q £ [1, oo), A € R, 
by A/"(R+; Y) we denote the space of (equivalence classes) of progressively- 
measurable processes £ : R+ x n -> Y and by A^(R+;Y) we denote the 
subspace o/7V r (R+; Y) consisting of those processes £ for which, F-a.s. 



/ e- xt \£(t)\ q dt < oo. 
Jo 
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By M q x (M. + ; Y) we denote the Banach space consisting of those £ G A/"(M+; Y) 
for which 

/•oo 

E / e~ xt \£(t)\ q dt < oo 
Jo 

By Jj p 1") we will denote the Banach space of (equivalence classes) of 
measurable functions £ : ($7, F) — ^ X such that E[£| y < oo}, see [20J. 

If X is a metric space by L° (f2; X) we denote the set of measurable 
functions from (£l,J~) to X. 

8.1. The operator A. Similarly to Brzezniak and Gatarek [TT] we define 
a linear operator A by the formula 

D{A) = {u G I^(M+; E) : j4u G I^(K+; B)} , 

(8.2) := {E+ 9 t € -E} , «£D(i). 

It is known, see [30], that if A + vI satisfies the conditions (H2)-(H3) then 
A + vl satisfies them as well. For fixed q 6 (l,oo) and Banach space B, 
H{' q (R + ,E) is the Banach spaces of (classes of) functions u € L q x (R + ,E) 
whose weak derivative u' belongs to L^(M + ; E) as well. By Bq'^(1R + ; E) we 
will denote the closure in i^ ,<? (K+, E) of the space {u G C°°(1R + ; E) : u(0) = 
0}. It is known that i? '^(R + ;B) equals to the subspace of H x q (M. + , E) 
consisting of such u with u(0) = 0. 
With q and E as above we set 

(8.3) Bu = u', u G D(B), D(B) = Hq'^(R + ;E). 
Define next an operator A by 

(8.4) A := B + A, D(A) := D(B) f)D(A). 

For more details we refer to [11] . 

If B is a UMD Banach space and A + vl, for some v > 0, satisfies the 
conditions (H2)-(H3) then, since A = B - v I + A + ul, by [3D] and [33] , A 
is a positive operator. In particular, A has a bounded inverse. The domain 
D(A) of A endowed with a 'graph' norm 

( /'OO /'OO 

(8.5) H| = j/ e~ xt \u'{s)\ p ds + J e- xt \Au(s)\ p ds 
is a Banach space. 

Before continuing, we present two results on the fractional powers of the 
operator At, see [10] for the proof. 

Proposition 8.3. Assume that the conditions (Hl-a), (H2) are satisfied. 
Assume also that for some v > 0, A + ul satisfies the condition (H3). 
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Then, for any a € (0, 1], the operator A~ a is a bounded linear operator in 
B), and, for < a < 1, 

(8.6) (A-/) it) = 

-L [\t- s r- 1 e-^ A f(s)ds, (6K + , /GLSOR+jB). 

Lemma 8.4. Assume a Banach space B and a linear operator A satisfy the 
condition (H2). Suppose that the positive numbers a, (3,5 and q > 1 satisfy 

(8.7) 0</3<a--+7-<5. 

q 

IfTe (0,oo), then 

(8.8) A~ a : Tfl([0,T\;D(A"')) -> C fi (0, T; D(A 5 )) boundedly. 

If T = oo and the semigroup {e~ tA }t>o is exponentially bounded on B, i.e. 
for some a > 0, C > 

(8.9) \e- tA \ L ( B ,B) < Ce~ at , t > 0, 
then 

(8.10) A~ a : ]Lg(M+; D(A 1 )) ->• cf (R+; £>(^)) bounded. 

Finally, we present slight modifications of the Proposition 2.2 and Theo- 
rem 2.6 from [10 . 

Theorem 8.5. Assume that E is an UMD Banach space and a operator A 
satisfying condition (H2) is such that A + vI, for a v > 0, satisfies condition 
(H3) as well. Assume that a € (0, 1] and 7, 5 > are such that 5 > 7 and 
5 - 7 + I < 1 - a + i. T/ten i/ie operator A s A~ a A-^ : TL q x (R + ;E) -> 
]L^(R+;B) is bounded. Moreover, if the operator (A + vl)~ l : E — )• £7 
is compact, then the operator A s A~ a A-' r : ]Lj(R+;£) IL^R+jS) is 
compaci. 

Remark 8.6. In mew 0/ Theorem \8.5\ Assumption \4.2\ implies that for any 

A" 1 : L P (R+; £) -> L P (R+; £) 
is a loe/Z defined bounded linear operator. 

Corollary 8.7. Assume the first set of assumptions Theorem \8.5\ are sat- 
isfied. Assume that three nonnegative numbers a, (3, 5 satisfy the following 
condition 

(8.11) 0</3 + <5<a--. 
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Assume also thatj > |. Then the operator : ~L 9 X (R + ;E) -> C^(R + ; D(A 5 )) 
is bounded. Moreover, if the operator {A + ul)^ 1 : E — > E is compact, then 
the operator h^ a : ~L 9 X (R + ;E) ->■ C^(M + ; D(A 5 )) is also compact. 
In particular, if a > - and the operator (A + vl)^ 1 : E — > E is compact, 
the map A~ Q : Jj q x (M + ;E) — > C^(M + ;E) is compact. - compare with the 
beginning of section 8 

8.2. The stochastic convolution. In this section, we will investigate the 
properties of the stochastic convolution operator defined, for an appropriate 
process £ G J\f\(R+; L P (Z, u, B)), by the formula, 

(8.12) 6(f) = |r + 3th +f Q j e' (t ~ s)A ^(s;z) fj(dz,ds)\ . 

Throughout the whole subsection we assume that the underlying Banach 
spaces are fixed. We assume that B is a Banach space of martingale type 
p. Furthermore, we assume that 5 > 5g + - and we put E = D^(5,p]o- 
Let us recall Remark 14.31 First, the space E is invariant under the action 
of {e~ tA }t>o- Secondly, by [9l Theorem A. 7] we know that D^(6,p) is also 
a Banach space of martingale type p. Therefore, {e~ f }t>o restricted to 
E = D^(5,p) will also be an analytic semigroup. 

We begin with the following preparatory Propositions, the next follows 
from Theorem 2.1 



Proposition 8.8. Assume that the conditions (HI) and (H2) are satis- 
fied. Assume also that there exists a v > such that A + vl satisfies the 
condition (H3). 

Assume that < p < ^ — Sq- Then there exists a constant C > such that 
for any process f with A~ s °^ £ A4^(M. + ; L p (Z , u; E)) and for any A > ; 



/•oo 

Ejf e~ xt \A"6(£)(t)\ P ^ = P P ©ell^ (R+;S) 



U3) < CX^+tiP- 1 



A- &G i 



M p x {*.+ \LP{Z,v-E)) 

Proposition 8.9. Assume that the conditions (HI) and (H2) are satisfied. 
Assume also that for some v > 0, A+vI satisfies the condition (H3). Then, 
for any a £ (0, - — Sq), 9 £ [0, 1) and any R > the stochastic convolution 
operator maps any set of the form 

i G M P x {R+;L p (Z,u;B)); sup e~ 6xt E f |A^ G £(t; z)\ p E v{dz) < R) 

0<t<oo J Z J 



9 ForO < S < 1, 1 <p < oo, D%(8,p) := {x € B : t 1 - 5 \Ae~ tA x\ £ Lf (0, 1)}. If S G [1,2) 
then D%(6,p) := £>| 2 (<J/2,p) (see e.g. Triebel [65] Chapter 1.15.2]). 
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into a bounded subset of L P (S7; W"' P (M+; E)). In particular, there exists a 
constant C < oo such that for all A > and £ 6 A4 P K (JH + ; L P (Z, v\ B)) 

ll^llL P (Q;wr(K + ^)) <C((l-9)\f G+a) - 1 P 

(8.14) ( sup e~ ext E [ \A- &G t{t;z)\ p E v{dz)) P . 

V0<i<oo JZ ' / 

Proof of Proposition <K^ . Suppose that t > s and £ G J\f (K+; L P (Z, z^; B)). 
Similar calculations as in the Gaussian case lead to the following identity 

(6£)(t) - (60(a) = T / e- (f - r)A £(r; 2 ) 77(^5 dr) 



o jz 

e-^ A ^r;z)fj{dz;dr)= [ [ e" ( ^ r) ^(r; z) fj(dz; dr) 

JZ Js JZ 



+ 

ft 



(e-(t-s)A_^ J J e -(*- r ) A f(r;«)^(d«;dr) 
T / e~ ( *- r)A £(r; z) r/(dz; dr) + (e^*"^ - /) (©£)(*) 



Is JZ 

It is enough to show that each term on the RHS of the above equality satisfies 
the inequality (|8.14j) . Indeed, by employing the Fubini Theorem 12 .61 we infer 
that 

I6£(t)-©e« 



oo /-co 



JO 



E e~^ ds di < 

- " E|(ee)(t)-(©0( 5 )| p B 



2P / / e -A(frM)"I^W -}^»E dsdt 

Jo Jo 



roo rt E 

< 2 p / / e - A (*+*)- 



fif z e-(t-r)At(r;z) fj(dz;dr) P 



\t - s \l+ap 



ds dt 



o Jo 

v 



+ 2^ [°° f e -^'—^ , ""fff (fecit 

(8.15) =: 2*> (Si + S 2 ) . 
By [14|, Theorem 2.1] we get the following estimate of the term Si. 

f°° r* xl ^,Ef t f 7 \e-^ A ^(r-,z)\ P F u(dz)dr 

JO Jo \t-8\l+°* 

< ( sup e- ext E [ \A- SG t{t-z)\ p E v{dz)\ 

\0<t<oo JZ J 

e -(l-W*+»)(t_ a )-(a+*o)P ds rft 

< CA' 9 - 2 f sup e~ eA *E / \A~ &G t{t;z)\ E v{dz)) , 

\0<i<oo / 



OO ft 

JO 
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where (3 = {a + 5c)p, which is smaller than one by the assumptions. In 
order to study the term S2 let us recall, see [56j Theorem 5.2, Chapter 2], 
that there exists a C > such that 



A-i ( e~ hA - I 



L(E) 



<Ch?, h>0. 



Then, the Young inequality for convolutions implies for p > with a < p < 



So < 



< 



Jo 



-Xt 



\ A -p [e-(*-) A -J]|J (J5|S) E|A/'(60WI| 



\t - 



ds dt 



poo poo 

C e -At| t |(p-a) P -i dt e~ xt E\AP(6£)(t)\ p E dt 
Jo Jo 

l-OO 

< dX^-^x e - xt E\AP(eO(t)\ p E dt. 
Jo 

Thus, by Proposition 18.81 we infer that 
Now, by 



M p x (R+;LP{Z,u;E)) 



Ml(R+;LP(Z,u;E)) 

the assertion follows. 



< (1 



_1 A -1 sup e-° xt E [ \A- 5G £{t-z)\ p E v{dz), 

0<t<oo J Z 



□ 



Next, we cite a Proposition taken from |16^ Proposition 2.6]. 

Proposition 8.10. Assume that the conditions (Hl) ; (H2) are satisfied. 
Assume also that for a v > 0, A + vl satisfies the condition (H3). 
Assume that £ G M P X (R+; L P (Z, v\ E)) satisfies 



.16) 



f [ E A- 5G e- Xs £{s;z) P u(dz)ds) 
Jo Jz E ) 



< 00. 



If 5 > 5g + - , then there exists a constant C > such that 



E sup e 

t L <t<t 2 



-Xt 



A 



-S 



-{t-s)A 



t\ JZ 



£(s; z)fj(ds, dz) 



where 

(8.17) C^(h,t 2 ) :=C 



12 

tx JZ 



E 



A~ Sa e- Xs £( 



s:z. 



v(dz) ds 



Adding up Proposition I8.8I to Proposition 18. 10! gives the following Lemma. 
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Lemma 8.11. Assume that the conditions (HI) and (H2) are satisfied. 
Assume also that there exists a v > such that A + uI satisfies the condition 
(H3). Assume that q G [p, oo) and 9 = 1 - | and A > 0. Put X = [B, E] 
(complex interpolation space). 

Then, there exists a constant C < oo such that for all Xq G (0, A) for all 
£ G M p Xo {R + ;L p (Z,ij-B)) one has 

ll (3 ^llL''(n;L«(R + ;X)) ^ C (W^^ P 



sup e- Xot E \A- 5G Z(t;z)\ p E v(dz] 

0<t<oo Jz 

In particular, for any a G (0, - — 5c), any R > and < Ao < A there 
exists a number r > swc/i f/mt the stochastic convolution operator & maps 
subsets of .A4^ o (M+; L P (Z, v\ B)) of the following form 

£eM p x (R+; L P (Z, v; B)) : sup I e- Xot E\A- Sa £(t; z)\ p E u(dz) < r\ 

into bounded subsets of L r (fi; L^(M+; X)). Moreover, the laws of the family 
{6(C) : £ G A} are tight on TL{(R + ;X). 

Proof of Lemma \8.1 1\ Let us fix A > Ao > 0. First, let us recall that due to 
Remark IC2I following inequality holds. 

IMIl' (»+;(£,£)[<,]) ^ IMlLP(R + ;i?) > X G ^aO^ E)nJL°° (R + ; B) . 

Hence, if 77/(1 — 9) = p, rp"9 = 1 and ^7 + ^77 = 1, by the Holder and Young 
inequality, for all v G A/^(K+; J5) n A/"°°(R+; S) 

U7II II*- / (w\ \rp'(l-8) \¥ „ ( w \ \rp"6 \7 T 

(8 18) < -E\v\ rp ' {1 ' e) +— E\v\ rp " e 

By Proposition 18.81 and by Proposition 18.101 there exists a C < 00 such that 



E I S (0IV +;B) +IE|6(0I^ (R+;B) J P < 

(i" Iz e ~ A ° SlE \ A ~ 5a ^ S] ^ V{dz) ds ) ' ' * G ^0 (M+; LP(Z ' 1/5 S)) 
Hence, by <|57T5|> . if r is as above, then for all £ G M p Xn (R+; L P (Z, 1/; £?)) 

(K|6(OIL. (lf5(J5|fl)[i 



1 

7 < 



,4~ 5g £(s;z) P v(dz)ds 
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This concludes the proof of the first point of the Lemma. Before proofing 
the tightness of the laws of the set {©(£);£ € A}. Let us recall that by 
Theorem IB .21 for any E$ <^-> E compactly and A > 

X := L P Xjp (R+;E ) D W^ P (R + ; E) ^ TL q x (R+; E) 

compactly. By Corollary IC.5I it follows that 

[X, ]L°°(IR + ; B)] e ^ [)L« (M+; £) , JL°°(R + ; B)] g 

compactly. Therefore, by applying Propositions 18.81 18.91 and 18.101 we infer 
that there exists a C < oo such that 



;B),L 

-\ a t 



■Ml 



< 



C sup e~ A ° 

0<t<oo 



A- 5a Z(t;z) v(dz) 



H£M p Xo (R + ;L p (Z,v;E)). 



Tightness of the laws of the family 

on (R+; follows by the Chebyschev inequality and Theorem 



E3J 



□ 



Proposition 8.12. Assume that the conditions (HI), (H2) are satisfied. 
Assume also that there exists a v > such that A + uI satisfies the condition 
(H3). Then there exists a constant C > such that for any process £ G 



M p 



; LP(Z, v\ B)) with A~ Sa ^ G -A/^(M+; L P (Z, i/; E)) one has 



sup e~ A *E 

0<<<oo 



< C 



;LP(Z,v;E)) 



Proof. Let us fix £ > 0. As in the previous proof, by the Burkholder inequal- 
ity the following sequence of calculation are verified. 

E I [ A- SG e- {t - s)A £(s;z)fi(ds;ds) < 



< C 
<Ce xt 



E 



E 



£(s; z) v{dz) ds. 

E 



□ 



In this part of the section, we will investigate the properties of the sto- 
chastic convolution term with respect to G. For this purpose let us put 



3.19) &(u) 



^-^ A G{s;u{s);z) fj(dz,ds)\ . 
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Note that <8(u) = 6(£), where and £(s;z) = G(s;u(s); z), (s,z) G R+ x Z, 
and <5(£) is defined in formula (|8.12p on page 1341 Thus, in a non-rigorous 
way, the map © is a composition of the map G with the stochastic convo- 
lution operator 6. In the next lines we will state three results, which are 
important for the proof of Theorem 14.51 and Theorem 15.21 These results are 
consequences of the Propositions 18.81 to 18.101 

Corollary 8.13. Assume that the conditions (Hl) ; (H2) are satisfied. As- 
sume also that for a v > 0, A + uI satisfies the condition (H3). If a function 
G : [0, oo) x E — > L p (Z,v\B) satisfies the Assumption \4-3[ then 

(i) there exists a constant C < oo such that for all A > 

W<e>u\\ M P {VL+ . E) < C 4 X 5g+p '1 u G A/J (R+; E) . 

(ii) Fix A > 0, a G (0, - — Sg) and < Ao < A. Then, the map 

<5 : M P Q (R + ; E) -»• L P (Q; W«' P (R+; E)) 
is bounded. To be precise, there exists a constant C < oo such that 

II ( 5WIIl P (C;W-(r + ; £ ;))<^^ a o p > ueN* o (R + ;E). 
(Hi) there exists a constant C such that for all A > 

E sup e~ xt \(&u)(t)\ B < C (1 + T s ~ 5g ) R%, u G A/J(M + ; E). 

0<t<T 

Proof. In order to show (i), (ii) and (in) we put £(t, z) = G(t,u(t),z) for 
(t, z) G M + x Z in Proposition 18.81 Proposition 18.91 and Proposition 18.101 
Then by the Assumption I4.3( E J z \A^ s °^(s; z)\ p v(dz) < Rq and therefore 

\\A p <$u\\ Ml{R+;E) < C 2 R G \ {5G+P)p - 2 . 

This concludes the proof of (i), (ii) and (hi). □ 

The next Corollary, although it is a simple consequence of the previous 
one, is important as a result in itself. 

Corollary 8.14. Assume that the conditions (Hl) ; (H2) are satisfied. As- 
sume also that for a v > ; A + vl satisfies the condition (H3) . 
Assume that q G [p, oo) and 6 = 1 — - and put X to be the complex in- 
terpolation space (E,B)[gj. If a function G : [0, oo) x E —¥ L p (Z,v]B) 
satisfies the Assumption then for all A > v the laws of the family 
{©(u) : u G Af p (M + ;E)}, are tight on TL q x (R + ;X). Moreover, there exists 
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an r E (0,p) such that 



(8.20) sup E\\&(u)\\U iu +]X) <oo. 

Proof. Again, putting £(s,z) := G(s,u(s), z) on [0, oo) x Z, and applying 
Lemma 18,111 give the assertion. 

□ 

By Proposition 18.101 and Proposition 18.101 we will show in the next Corol- 
lary, that the stochastic convolution term belongs to the Skorohod space 
B(R + ;B). 

Corollary 8.15. Assume that the conditions (Hl) ; (H2) are satisfied. As- 
sume also that for a v > 0, A + ul satisfies the condition (H3) . 
If a function G : [0, oo) x E — > L p {Z^v;B) satisfies the Assumption \4-3[ 
then for all 5 > 5g + - the laws of the family 

{<5u | u£N*(R+;E)} 

are tight on D(M + ;B). 

Proof of Corollaru \8.lh\ Corollary 18.151 can be shown by Corollary C.10 [?]. 
Putting z) := G(s,u(s),z), (s,z) € [0. oo) x Z. by Assumption 14.31 there 
exists a C > and a r > such that 

( gg \ r 

J e_A *(y \A' PG G{s,u{s);z)\ p E v(dz)^J " ds) <jR&, u ^ 

Therefore, the process £ satisfies the assumptions of Proposition [8~. 101 hence 
it satisfies Assumption (i) of Corollary Corollary C.10 [?]. Similarly, the 
process £ satisfies the assumptions of Proposition 18.101 hence it satisfies 
Assumption (ii) of Corollary Corollary C.10 [?]. Therefore, Corollary 18.151 
is shown. □ 



9. Proof of Theorem 14.51 

In this Section we will use the notation introduced in Theorem 14.51 and 
within Section O In particular, throughout this Section, p € (1,2], 5f, 
5g and <5_p are fixed numbers, B is a Banach space of martingale type p, 
5 > max(0,<5F - 1 + \,6g + and E = D%(5,p). Due to Remark[43it 

is sufficient to assume that B is of martingale type p. Moreover, we will use 
the notation given in Paragraph 18.11 and Paragraph 18.21 on pages [30l and [3T1 

Now, we will begin the proof of Theorem 14.51 by first defining a certain 
sequence of processes. Consider a sequence {x n } C E such that A~ Sl x n — > 
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A~ Sl x in E as n — > oo. Define a function (f) n : [0, oo) — > [0, oo) by (/> n (s) = 
if fc G N and £ < s < ^fel, i.e. n (s) = 2~ n [2 n ,s], s > 0, where [i] is the 
integer part of t > 0. Let us define a sequence {u n } of adapted ^-valued 
processes by 

un{t) = e- tA x n + f e-^ A F( S ,u n {s))ds 
Jo 

(9.1) +11 e- ( - t - s ^ A G(s,u n (s);z)v(dz;ds), t>0, 

Jo Jz 

where u n is defined by 

x n , ifsG[0,2-™), 

Note, that u is a progressively measurable, piecewise constant, -E-valued 
process. Between the grid points, Equation (|9.1|) is linear, therefore, u n is 
well defined for all n G N. 

Secondly, we define a sequence of Poisson random measures {q n \ n G N} 
by putting rj n = rj for all n G N. Note, that, since A^n(^ x R+) is a separable 
metric space, by Theorem 3.2 of [55] the laws of the family {rj n ,n G N} are 
tight on M N (Z x R + ). 

The proof of Theorem 14.51 will be divided into several steps. The first two 
steps are the following. 

Step (I) The laws of the family {u n ,n G N} are tight on L?(K+; E); 
Step (II) The laws of the family {u n ,n G N} are tight on B(M + ; B). 

We postponed the proofs of Step (I) and Step (II) at the end of this chapter 
and suppose for the time being that the proofs of those two steps have 
been accomplished. Hence, there exists a subsequence of {(u n ,i] n ),n G N}, 
denoted by {{u n ,r] n ),n G N}, and there exists a Borel probability measure 
/x* on [B(K+;B) nlL p x (R + ;E)] x M N (Z x R + ) such that C(u n ,rj n ) -> //* 
weakly. 

By the modified version of the Skorohod embedding Theorem, see Theo- 
remEU there exists a probability space (D,, J 7 , P) and E)nD(R + ;B) x 

M^(Z x R + )-valued random variables (ui,fji), (u2,V2), having the 
same law as the random variables (1x1,771), (m2>??2)> • • •> and a TL-^(M + ; E) n 
0(R+;.B) x Mn(Z x M + )-valued random variable (u*,?7*) on (0, T, P) with 
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= /u* such that P a.s. 



(9.3) (u n ,r] n ) — ►(u*,77*) 

in K^(M+; E 1 ) n 5) x .M N (Z x 

and f?„ = 77* for all n G N. Later on we will need the following fact. 
Step (III) The following holds 

(i) sup neN ||«n||^tP(K +; £;) < 00 an d 

(ii) \\u n - u*\\ MP ( R+ . E <) ->■ as n -> 00. 

Again, suppose for the time being that the proof of Step (III) has been 
accomplished. Let F = (Ft)t>o be the filtration generated by the Poisson 
random measure 77*, the processes {u n , n G N} and the process u*. The next 
two Steps imply that the following two integrals over the filtered probability 
space (£2,.F,F,P) 

/ f e-^ A G( S ,u n (s),z))fj n (dz,ds), t>0, 
Jo Jz 

and 

f f e-^ A G{s,u*{s),z))fj*(dz,ds), t>0, 
Jo Jz 

exist. 

Step (IV) The following holds 

(i) for every n G N, fj n is a time homogeneous Poisson random mea- 
sure on B(Z) x B(M. + ) over (Q,T,¥,¥) with intensity measure v\ 

(ii) 77* is a time homogeneous Poisson random measure on B(Z) x 
/3(M + ) over F,P) with intensity measure v\ 

Step (V) The following holds 

(i) for all n G N, n n is a F-progressively measurable process; 

(ii) the process ii* is a F-progressively measurable process. 

Again, let us assume, for the time being, that the Steps (IV) and (V) 
have been established. For clarity, we will now introduce an operator K. 
Let /j be a time homogeneous Poisson random measure over (O,^ - , F,P) 
with intensity measure v and let v be a process over (fj, T, F,P), such that 
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A~ 5g v G Nl(R+;E) and let x G B. Then we put 

(JC(x,v,n))(t) := e - tA x+ f e ^ s)A F(s,v{s)) ds 

Jo 

(9.4) +11 e~ {t ~ s)A G(s,v(s);z))ii(dz,ds), t>0. 

Jo J z 

Here, as usual, jl denotes the compensated Poisson random measure of 
fi. 

Step (VI) \\u n - IC(x n ,u n ,f] n )\\ M P^ R+ . E) ->• as n ->• oo. 
Step (VII) 

\\IC(x n ,u n ,fj n ) - ^£,u*,77*)|| M P( K+ . £ ) ->■ 0, as n y oo. 

Again, let us assume, for the time being, that the Steps (VI) and (VII) 
have been established. Then by Steps (IV) to (VII) we infer that % -> u*, 
u n - lC(x n ,u n ,fj n ) in M P X (R + ;E) and lC(x n ,u n ,fj n ) - /C(x,n*,^) -> 
in M p x (IR + ; E) . By uniqueness of the limit, we infer that u* = ]C(x, u*, r/*) 
in M. P X (R + ; E), which implies that P-a.s. = /C(x, «*, 77*). It remains to 
show that P-a.s. 

u*(i) = /C(x, u*, r/*)(t), Vt G R+, 

which will be shown in the last step. 

Step (VIII) P a.s. for all i > we have u*(t) = K,(x,u*,ij*)(t). 

Since the solution to (I4.ip is a fix point of the operator /C, it follows from 
Step (VIII) that u* is a martingale solution to Equation (14. ip . The assertion 
(EOT) follows from Step (III). 

Therefore, in order to proof Theorem 14.51 we have to verify Step (I) to Step 
(VIII), which will be done in the following. Nevertheless, before, let us state 
the following two auxiliary results. 

Proposition 9.1. For n G N, let g n be defined by 

9n (t) := e~ tA x n , t > 0. 

Then 

(i) The family {g n ,n G N} is precompact in 1L^(M_|_; E). 

(ii) The family {g n ,n G N} is precompact in C(P+; B). 

Proof of Proposition \9.1\ Theorem 5.2-(d) of [56] implies that for any to > 
the family {g n ,n G N} is precompact in JL p x ([to,oo); E) and C([to, 00); B). 
Therefore, the critical point is at t = 0. Since x in E and 
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5 1 < 1, the Young inequality for stochastic convolutions implies (i). Since 
5 > Si, x n — > x G B in B implies (ii). □ 

Proposition 9.2. (i) For any 7 G (0, - — <5g) £/te set {A^u n ,n G N} is 
bounded in M P X (R+; E); 
(ii) There exists 9 > and C < 00 suc/i i/iai 

ll«n -«n|| A iP(R + ; £ ;) < C 2"*", n € N. 



Proof of Proposition \9.2[ First, we will show part (i). First note that, since 
Caw(u) = Caw{u n ) on 1L?(M+; E), 



11 n T. ^p^ to n G N. 



Let us put si := k,n G N. Then 



ll-^^^nllf p / 



00 „ 



e~ Xs Wu n {s)\ p E ds = Y, e- Xs \A~<u n (s)\ E ds 



k=l" s k 



OO -O™ 

"k + l 



< 



E 

fc=l 

00 

E 



fc=i " a fc 



OO 



-As 



-As 



2" 



2 np 



ds+ I "" e~ Xs \A^x n \ p E ds 



k=l " b k 



A 7 ii(r) dr 



\A~<u n {r)\ E dr) ds + C2- n ^ +Sl ^\A- 5l x n \ E 



£ E 

k=l 

00 

£ E 



fc+1 / fc 



k=l "k JS k-l 



'fe+1 



-A(s-r-) 2 n e ~Xr |^7 Un ( r )|P dr ds + Q 2 -n(l-(7+5/)p) |^-<5l Xn | 



fe=l "»fc-i 
poo 

< / e 



2 n e" A(s - r) (is 



" Ar |A^ n (r)|| dr + C2- n ^-^ +Sl ^ \A~ &I 



Ar 



11/17,, IIP t /7 0-«( 1 -(7+'5/)p) \A-Si IP 



Since, by Corollary IB. 134 - (i) and Remark 18.61 the set {^4 7 n n ,n G N} is 
bounded in M p x (R+ ; -E) ) , the assertion (i) follows by Assumption 14.41 
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To prove Part (ii), let p' be the conjugate exponent to p, i.e. - + ^ = 1. 



Let us put p = a + \ . Then by the Holder inequality 



Jo 



-As 



u n (s)-u n (s)\ p ds<2 n *> 



-As 







(u n (s) - u n (r)) dr 



Sn-l 



ds 



< 2 «»rwr i-w-'-mi'* 

s — 



o 



n-l 



\ P-l 

s — r| pp dr 



S„-l 



; , np f°° e -Xs( [ Sn \u n {s) - u n {r)f 

Is — rlPP 



o 



ds 



Sn-l 



< 2 n (P-w-r + V\u n \ wa =2- n nun\w°-- 



By applying Corollary 18. 134 - (ii) we can conclude the part (ii). 

9.1. Proof of Step (I). Set 

(9.5) f n {t)=F{t,u n (t)), t E R + , 

(9.6) g n (t)z) = G(s,u n (t);z), t E R + , zeZ 
and 

( t - s)A G( y s,u n (s);z)i](dz;ds), teR 



□ 



(9.7) v n (t)= I I < 
Jo Jz 

By Proposition 19. 24 - Ti) . the family {u n ,n E N} is bounded in 7W P (M+; E). 
Therefore, in view of Assumption 14.21 we infer that the family {A~ Sp f n | 
n E N} is bounded in ]L P (R_|_; E). Hence, by Theorem 2.6 of [TT], the laws 
of the family {A -1 /™ | n E N} are tight on I^(M+; E). 

Again, by Proposition 19 . 24 - (i) . the family {u n ,n E N} is bounded in 
A4 P X (R + ; E). Hence, by Corollary 18.131 we infer that the laws of the family 
{v n \n£ N} are tight on I/(R + ;7±0. 

Finally, from Proposition ^. ll follows that the family of functions {e~' A x n , n E 
N} is precompact in JL P X (R + ; E) . Since 

u n = v n + A -1 /n + e~' A x n , n E N, 



we conclude that the laws of the family {u n \ n E N} are tight on 1L 



E). 



9.2. Proof of Step (II). Again, we use the notation introduced in fromulae 
TO . M and pTTj) - 

By Proposition 19. 24 - (i) . the family {u n , n E N} is bounded in 7W P (M+; E), 
and, by Assumption 14. 2| we infer that the family {A~ sp, f n | n E N} is 
bounded in M P X (R+; E). Now, for any 5 > max(0, o\p - 1 + |), Corollary O 
implies that the laws of the family of {A~ a A~ s A 1 ~ a f n \ n E N} are tight 
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on C(R+;i£). Since the linear operators A and A commute, we infer that 
the laws of the family {A -1 f n \ n £ N} are tight on C(K + ;B). Since the 
embedding C(R + ; B) B(R + ; B) is continuous (see Remark [8T2|> . it follows 
that the laws of the family {A _1 /„, n £ N} are tight on B(R + ; B). 

By Proposition 19. 2[ (i). the family {u n ,n £ N} is bounded in M P X (R + ; E). 
Therefore, it satisfies the assumptions of Corollary 18.151 Hence, we infer 
that the laws of the family {v n , n £ N} are tight on B(R + ; B). 

Finally, by Proposition ^, ll we infer that the family of functions {e~ x n , n £ 
N} is precompact in B(R + ;i3). Since 

u n = v n + A _1 /n + e~' A x n , 

Proposition VI. 1.23 of [41] gives that the laws of the family {u n ,n £ N} are 
tight onD(l + ;B). 

9.3. Proof of Step (III). Let us recall that by our construction which used 
the Skorohod embedding Theorem, the laws of u n and ti n on Jj^(M. + ;E) 
are identical for any n £ N. Hence, ||itn||^(K +! £;) = \\ u n\\M p x (M + ;E)- % 
Proposition 19. 21 (i) the family {u n ,n £ N} is bounded in M^(M + ;E). Now, 
by Prop osition 18 . 3 1 and Corollarv l8.13l -(i) we infer that sup n ||«n||>i J, (]R + ;£;) < 
oo. This proves part (i). 

Part (ii) of Step (III) follows by part (i) of Step (III), by the Lebesgue 
dominated convergence Theorem and the fact that P-a.s. u n — > u*. 

9.4. Proof of Step (IV). Before proofing (i) and (ii), let us recall first that 
the modified version of the Skorohod embedding Theorem, i.e. Theorem lE.il 
implies that fj n (u) = rf{u) for all u) £ Vt and n £ N. Let us recall secondly 
that for F = (Tt)t>o, where Ft for t > is defined by 

Ft ■= 

(9.8) ff({l[o,t] Nf, n ,n £ N}, {l m u n , n £ N}, l [0 , t] iV^ , l [0 ,t]«*}), 

Here for a process v = {v(t)}t>o and for any interval I C R+ we define 
ljv : R + x 17 9 (t, uj) i— > li(t)v(t,uj). For any Poisson random measure 
p € A4n(S x R_|_) and for any A £ S let us define an N- valued process 
(N p (t,A)) t > by 

N p (t,A) :=p(Ax(0,t]), t>0. 

In addition, we denote by (N p (t))t>o the measure valued process defined by 
N p {t) = {S 3 A ^ N p (t, A) £ N}, t £ R+. 

By Definition 12.21 an element p of Aifq(S x R + ) is a time homogeneous 
Poisson random measure over (Q, F, (Ft)t>o,^) with intensity v, iff 
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(a) for any A G S, the random variable N p (t, A) is Poisson distributed 
with parameter tu{A); 

(b) for any disjoint sets A\,A<i G S, and any t G M + the random 
variables N p (t, A\) and N p (t,A2) are independent; 

(c) the measured valued process {N p (t)) t >o is adapted to (J : t)t>o\ 

(d) for any A G S the increments of (N p (t,A))t>o are independent 
from (J-t)t>o, i- e - f° r an Y ^ £ ^ 6 <5 and any r,s > t, the random 
variables iVp(r, ^4) — N p (s,A) are independent of Tt- 

Proof of Step (IV)-(i): Fix n G N. Since f] n (^>) = = Vm(^>) for all 

cl> € and m € N, it is sufficient to show that fj n satisfies properties (a), 
(b), (c) and (d) listed above. The properties (a) and (b) can be characterised 
by the law of fj n on A4?q(Z x K+). In particular, (a) holds, if 

(9.9) f(N fjn (t,A) = k) = K ^ t)fc , AGS. 

Since Caw(fj n ) = £aw(rj n ) on Ain(S x M+) and Nfj n (t, A) = iAx[o,t] ° ^ an d 
A 7 ^ (i, ^4) = ia x r 0it ] or/ (see Paragraph II .ip . it follows that Caw(Nfj n (t, A)) = 
Caw(N rin (t 1 A)) on N. Since r\ n is a time homogeneous Poisson random 
measure with intensity i/, A 7 ^ (t, A) is a Poisson distributed random variable 
with parameter t v{A). Hence N^ n (t, A) is also a Poisson distributed random 
variable with parameter t v{A). This proves equality (j9.9j) . Similarly, (b) 
holds iff for any two disjoint sets A\,A<i G S, 

(9.10) Ee i(9l ^» ( *' Al)+e2jv *> ra( *' A2)) = Ee { ^-^M^Ee* ^^(t,^ 

Again, since Caw{ i q n ) = Caw{rj n ) on A4n(»S' xt + ) we infer that (|9.10p holds. 
In order to show that f/ n is a time homogeneous Poisson random measure 
over F,P), one needs to show that r/ satisfies properties (c) and (d). 

Since fj n (oS) = t]*(u) for all u) G O, it follows that one has for F = (.F = i)t>o 

•^5 = cr( l[0,t]^7n 3 {l[0,t]«m,m G N}, l[ 0jt ]W* ), t G R+. 
Clearly, fj n is adapted to F. Moreover, fj n is a Poisson random measure, and, 
so independently scattered. Hence, for any to G ^f;„(^o)( := {S 3 A 
Nfj n (to, A) G N}) is independent from Nfj m (r) — A^ m (s) for all r,s > to. Let 
us remind, that the filtration F is not only generated by rj* but also by the 
family {u m , m G N} and u#. Therefore, we have to show that for any to > 
the processes lr 0ito iit m , w G N, and lr 0i t ]?J* are independent from the incre- 
ments of Nfj m after time to, or, in other words, are independent from the 
process t h4 l(t 0iOO )A^ m (t + t ) - A^ m (t ). Recall that Caw((u m ,fj n )) = 
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Caw((u m ,r] n )), and therefore £aw((l [0A) ]U m , rj n )) = £aw((l[ 0tto ]U m , rj n )). 
Similarly, 

^aw((l[ 0ito ]U m ,fj n )) = £aw((l[ Qito ]U m ,r) n )) = £aw((l[ 0:to ]U m ,rj m )), 
and, hence 

^™((l[0,io]«m. l(t ,oo)^ m (i + fa) - Nfj m (to))) = 

£aw((l [0M u m , l(t 0> oo)N Vm (t + t ) - N Vm (t ))). 

Let us observe that due to the construction of the process u m , the pro- 
cess is adapted to the a algebra generated by rj m . Moreover, the ran- 
dom variable l[ ,t ]U m and the process l( to ,oo)^ r r )m (i + *o) - N Vm (t ) are 
independent. Since independence can be expressed in terms of the law, 
h 0jto ]U m and l( t0|OO )iVfj n (t + to) — N^ n (to) are independent. It remains to 
show that the random variable l[o,t]ii* is independent from the process 
l(t ,oo)-^7n (* + ^o) ~~ Nfj n (to). But, this is a subject of the next Lemma. 

Lemma 9.3. Let B be a Banach space, z and y* be two B-valued random 
variables over (fi,J r , P). Let {y n ,n € N} be a family of B valued random 
variables over a probability space J 7 , P) such that y n — > weakly, i.e. 
for all <j) E B* , e z ^' yn ^ — > e 1 ^^ . If for all n > 1 the two random variables 
y n and z are independent, then z is also independent of y*. 

Proof. The random variables y* and z are independent iff 

The weak convergence and the independence of z and y n for all n G N justify 
the following chain of equalities. 

Ee i(eiz+8 2 y») = Um Ee i(6iz+e 2 y n ) = Um ^Biz-g^Vn = E ^iz ^y _ 
n— ¥oo n^oo 

□ 

Since for every m G N, lrotiSm is independent from l(t 0iOO )Nfj n (i + to) — 
Nfj n (to), Lemma [9731 implies that l[o,tp* is independent from l(t 0!OO )iV^ n (t + 
*o) --%(*o)- 

Proof of Step (IV)-(ii): We have to show that r/* € ^/(S x E+) is a Pois- 
son random measure with intensity v, in particular, satisfies the properties 
(a), (b), (c) and (d) from above. But, since r)*(uj) = fji(uj) for all ui G S7, 
this follows from Step (III)- (i) . 
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9.5. Proof of Step (V). Here, we have to show that for each n G N, u n 
and u* are F-progressively measurable. But, for fixed n £ N the process 
u n is adapted to F by the definition of F. By Step (III) the process u n is 
bounded in A4^ (M+ ; E) , hence, there exists a sequence of simple functions 
u™, m 6 N such that — > u n as m — > oo in _M^(M+; E). In particularly, we 
can consider the approximation by the shifted Haar projections used in [16j . 
It follows that u n is progressively measurable, i.e. (i) holds. Since u™ — > u n 
as m — > oo in A4 P ^(R + ; E) and u n — > u* as n — > oo also in E), it 
follows that u-t is a limit in A4^ (R+ ; i?) of some progressively measurable 
step functions. In particular, is also progressively measurable, i.e. (ii) 
holds. 

9.6. Proof of Step (VI). Before proving (VI) we will do some prepara- 
tions, that is we will verify that we can replace u n and fj n by u n and r] n . 
First, recall that the family {(u n ,r] n ),n G N} on (Q,J-,¥) and the family 
{(u n ,Vn),n G N} on (0,^,P) have equal laws on JL^(M+; E) x Mn{Z x R + ). 
Secondly, recall that we know how u n is constructed. In order to do this, 
let us Let us define a mapping Q : 1L^ (M + ; E) — > JL P X (M + ; E) by 



Note that Q is a bounded and linear map from lf x (R + ;E) into itself ( sec 
|15j). Therefore, for any n G N, the two triplets of random variables 
{(un, r]n,u n )} and {(u n , f]n,u n )}, where u n = G{u n )) and have equal laws on 
ti n = G{u n ),TL p x (R + ]E)xM N (ZxR + )xTL p x (R + -,E). Let us define processes 
z n and z n by 



Jo Jz 

Let us also define processes z n and z n by replacing u n and u n by u n and 
u n in formulae (19. lip and (19.121) . According to Step (III) and (IV) the 
integrals in (|9.11[) and ()9. 12j) with respect to the Poisson random measure 
r\ n and fj n can be interpreted as Ito integral. Due to Theorem 1, [16] and 
the continuity of G, i.e. Assumption I4.3[ for any n G N, the quintuples of 




(9.12) 



(9.11) 
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random variables {(u n ,r] n ,u n , z n , z n )} and {(u n ,r] n ,u n , z n , z n )} have equal 
laws on I/ x (R+ ; E) x Mr (ZxR + )xL p A (E + ;£)xlL p A (R + ; E) x lf x (R + ; E) . In 
addition, since Caw((u n , z n )) is supported by the diagonal, Caw((u n , z n )) is 
also supported by the diagonal. Since the diagonal is a Borel set, F(u n = u n ) 
and, hence, we infer that 

\\u n - ^II^MP(R +r E) = ~ ^ n W P M p x (R+,E) ■ 

After this preparations we can start with the actual proof of (VI) by 
showing that for any g > 0, there exists a natural number n € N such that 



(9.13) 



it 



n || a/P 



MiQH+;E) 



< q, n > n. 



To show (|9.13p fix g > 0. Since, by the definition of rj n , we have rj n (uj) = r)(uS) 
for all w € Jl, we write in the following r) instead of fj n . The definition of u n 
and z n gives 



\M P X {U+;E)) 



o 



-(*- s ) A [ J F( S ,ti n ( S ))-F( S ,n n ( S ))] ds 



dt 



poo pi p 

+ C e- xt E / / e-^ A [G(s,u n (s);z) - G(s,u n {s); z)} ds 
Jo Jo Jz 



dt 



< C I e~ A *E 



o 

roo 

+ C e~ xt M 
Jo 



-(*~ S ) A [F(s,u n (s))-F(s,u n (s))] ds 



dt 



o Jz 



< l -^ A [G(s, u n (s);z) - G(s, u n (s);z)} ds 



v(dz) dt 



where C is a generic positive constant. We will first deal with Sf. The 
Young inequality and the Assumption 14.21 on F we get 



S\ l <C 



e -\s s -S F ds 



e- As E \F(s, u n {s)) - F(s, u n (s))\ _ s ds ) . 



For A > let Pa = m\ ®P be the product measure on (R + x tt, S(R + ) ® T), 
where m\ is a weighted Lebesgue measure defined by 

(9.14) m\(A) = A / e" At dt , A £ B(R + ). 

Va 
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By Ea we will denote the expectation with respect to Pa- Then, by the 
Fubini Theorem it follows that for any 7 > 



\A^u(s,oj)\ p E dP x (s, 



CO 



\A^u(s,uj)\ p E dF(uj) Xe 



A I^ 7m I!v^(ii + ;£;)- 



Ea(|^<) 
(9.15) 

Let R > be an upper bound of {^4 7 M„,n G N} and {A 7 -u n ,n G N} in 
M P X (R+;E), i.e. 

(9.16) 



\\ p 

l^ 1 Un "Ml(R + ;E) 



\\ A7u n\\ P M P^ R+ . E ^ < R- 



Then we choose a constant K > such that 

2R P F R g 
KP ~ 6' 

and define, for each n G N, a set 

V n K := {(t,w) eK+xil, |^n n (t,w)| , |A 7 u n (t,u;)| < K} . 

By Hypothesis (H2-a), the operator A -1 is compact, therefore A~^ is also 
compact, and by Assumption 14.21 the map F is uniformly continuous on 
i? 7 (0, if), where B^(0,K) is a ball of radius K in ths space D(A E ). 

In particularly, there exists a constant <j > such that if \x — y\ < 
x,y G By(0,K) then |F(s,x) — F(s, < §• Let us define, for each 

n G N, a second auxiliary set by 

Q™ := {(i, w) G M+ x $7, such that \u n (t,u) — u n (t,ui)\ < c;} . 

By the definition of u n and u n given in (|9.ip and (|9.2p . we infer that 



A- s F[F(s,u n (s)) - F(s,u n {s))] 



ds 



E X \F(;U n ) - F(;U n ) 



A-^[F{;U n )-F{;U n )} 



dP; 



+ 



A-^[F{;U n )-F(;U n )) 



A~ Sf [F(;U n ) - F(;U n )} 



dP A + 



dP; 



Since F is bounded by Assumption 14. 2\ we get 

I A- s F{F(;u n )-F(;u n )] P dP x < 2R p F V x {(V n K ) c ). 

By applying the Chebyschev inequality and the definition of T>\ we infer 
that 

Pa((W)<^, nGN, 
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where R satisfies (19. 16f> . Therefore, and by the choice of K, we obtain 



/ A- S F[F(;U n )-F(;U n )} 



P 

dp A < 

- 6 



In order to handle the second integral, we note that 



^4 F [F(-,u n )-F(-,u r 



dP A < 



f A- 5F [F{-,u n )-F{-,u n )] 



< P) 



Now we can proceed as before. By Assumption 14.21 and by the Chebychev 
inequality, we get 



x>?,n(Q") c 



A F [F(-,u n )-F(-,u n )] 



2R P F / dP A = 2R F P A ((Q") c ) < — f E A \u n 



'(G?) 

Since by Proposition ^. 2[ u n — u n — > in Ai p ^(W + ; E)), there exists a number 
ni, such that 

2R P F ^ Q 
— — E A \u n - u n f < -, Vn>m. 
?p 6 



It remains to analyse the term 



A F [F(-,u n )-F(;u n )] 



dP A . 



By the definition of the sets V 1 ^ and Q™ and by choice of K and <r, it follows 
that 



[ A~ Sp [F(-, u n ) — F(-, u n )\ 



v o 
dP A < -• 

- 6 



K' '^-6 

Summing up, we proved that there exists a natural number fi\ > 0, such 
that 

roo 



SI = / e- Xs E A~~ 5f [F(s, u n (s)) - F(s, u n (s))] 
Jo 



ds < — , n > m. 



The term can be dealt exactly in the same way only the conditions on 
K and g have to be altered. To be precise, we first note that 



< 



e -\s s -5 G p ds 



-Xs 



E 



A s ° [G(s,u n (s); z) — G{s,u n {s)\ z)] v(dz)ds 
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Let R be again a constant satisfying (|9.16|) and let K > be chosen such 
that 



2RR P G q 
KP ~ 6' 

is satisfied. Then there exists a q > such that if \x — y\ < x, y € -B 7 (0, K) 
such that 



(9.17) 



A _(5g [G(x; z) - G(y; z)\ ' u{dz) < 



Now proceeding in the same way as above, it can be shown that there exists 
a n > n\ such that 



Sn < C / e 



-As 



(9.18) / E A- &G [G{s, u n (s)) - G(s, u n (s))} u{dz)ds < -, n>n. 
J z 2 



9.7. Proof of Step (VII). In Step (III) and Step (IV) we showed, that u* 
is a progressively measurable process on F,P) and rj* a time homoge- 

neous Poisson random measure. Hence, we can define a process u by 

u(t) := JC{x,u*,T]*){t) = e~ tA x+ [ e~ (t -^ A F(s,u*(s)) ds + 

Jo 

I [ e-( t -^ A G(s,u*(s)-z)fi*(dz,ds), t>0. 
Jo Jz 

Here, the stochastic integral in the last term is interpreted as Ito integral. 
We will proof that there exists a po £ (l,p] such that 

E \\K,(x n ,u n ,fj n ) - £(x,u*, r/*) H^po as n -)• oo. 



Observe, that for any no € N 
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\\K.(x n ,u n ,r) n ) -^c,«*,»7«)IIV(k+;£) - C 



H 



-Xt \-tA 



Xrt. X 



VP 
IE 



+ E 



-At 



+ E 



-xt 



JZ 



-^ A [F(s,u n (s)) - F(s,u*(s))] ds 
-(t-s)A G ^ u n (s); z)f} no (dz, ds) 



dt 



-(t-s 



u* (s) ; z)7y no (dz, ds) 



E 



,-xt 



JZ 



10 JZ 

i-^ A G{s,u*(s)-z)fln {dz,ds) 
ct 



dt 



[ [ e-^ A G{s,u,(s);z%{dz,ds) P dt} 
Jo Jz E > 



--: C (S% + S? + S%' no + S%' no 



Since A Sl x n A Sl x in E, the Lebesgue DCT implies 

S% < Cxi e- Xt \\A 5l e~ tA \\ HEtE) \(A Sl x-A Sl x n )\ p E dt^Qasn^oo. 
Jo 

From the previous construction invoking the Skorohod embedding Theorem, 
we infer that (see (j9.3[) ) 



lim (u n ,r] n ) 

n— >oo 

in 1L^(R + ; E) n B(M+; B) x M N (Z x R + ), 
Next, by the Young inequality we infer that 



a.s. . 



-At I 







-{t-s)A 







[F(s,n n (s)) - F(s,-u*(s))]ds| p cft 



< C 



n -Xs\ A- 



A- 5F F(s,u n (s)) - A- SF F(s,u*(s))\ p ds =: £ n , 



where C = (/ °° e - As |A^ e - sA | (is) . By Assumpt ion fj4.2j) and since u n ,u* £ 
!L^(R + ;-E) a.s. , there exists a C such that 



and 



;»oo 

/ e- xt \A- &F F{s,u n {s))\ p ds < C, 
Jo 



- xt \A- SF F(s,u*(s))\ p ds < C. 



The Lebesgue's dominated convergence theorem and the continuity of F 
(see Assumption (I4.2p ) give 



U? I cm IP 

^ \°1 \LP(R+;E) 



as n — > oo . 
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To prove convergence of S^'™ , we proceed in a similar way as we have 
done to show convergence for Sf. In particular, applying the Burkholder 
inequality and the Fubini Theorem as well as (19. 3j) . give 



s n,n < E 



oo ft 

e~ xt 



10 Jo JZ 

\ e -(t-s)A [ G ( 8} u n (s);z) - G(s, u*(s); z)] \ p u{dz) ds dt 



oc 



-As 



(9.19) 



< CE / e 

lo Jz 

\A- SG G(s,u n {s); z) - A- Sg G(s,u*{s); z)\ p u{dz) ds, 



where C = (J °° e- Xs \A SG e~ sA \ p ds). By AssumptionEO]there exists a C > 
such that A <g) P-a.e. 



(9.20) 



sup n / e- xt \A- 5G G(s,u n (s);z)\ p u{dz) <C. 
>z 



Hence and since the RHSs of (19.190 and (I9.20p are independent of no, by 
the Lebesgue dominated convergence theorem we infer that 

Ve > 0, 3n 2 £ N such that So' n ° <n, Vn > n 2 , and Vn € N. 



In order to treat the term Sg ' , we first note that by Theorem of IE. II 
fj no = rj*. Now, Proposition I A. II gives that a.s. S r ^' n ° = 0. 



9.8. Proof of Step (VIII). Proposition ETD] gives 



E sup e xt |/C(x, n*, r/*)(t) — hC(x,IC(x,u if ,r] if ),r] if )(t)\ B }> < 

0<t<oo 



C I < 
'o 



-Xt 



, u*, ?/*)(£), z)\\ v(dz)dt. 



Since P x A-a.s. /C(x,u*,n*) = u*, the continuity of (—A) S °G implies 
P x A-a.s. 

A- &G [G(t,K{x,u*,ri*)(t),z) - G(t,u*(t),z)] ' \{dz) =0, 
and therefore 



-Xt 



A- &G [G(t, u*(t), z) - G(t, K(x, u*, r)*){t), z)] V u{dz) dt = 0. 



'0 JZ 

It follows that P-a.s. for all t > the identity /C(x, u*, ?]*)(£) = u*(t) holds. 
□ 
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10. Proof of Theorem 15.21 

In the main result of this section we replace the boundedness assumption 
on F by the dissipativity of the drift — A + F. Before we proceed let us state 
(and prove) the following important consequence of Assumption 15.11 

Lemma 10.1. (see Da Prato |26j ) Assume that X is a Banach space, —A 
a generator of a strongly continuous semigroup of bounded linear operators 
on X and a mapping F : [0, oo) x X — > X satisfies Assumption \5.1\ Assume 
that for t G [0, oo] two continuous functions z, v : [0, r) — > X satisfy 

z(t) = f e-^-~ s)A F(s,z(s) + v(s))ds, t < r. 
Jo 

Then 

(10.1) \z(t)\ x < f e- k(t - s) a(\v{s)\x)ds, < t < r. 

Jo 

In this section we show the existence of a martingale solution to equation 
(|4.ip . First, let us notice that Assumption 15. II implies that 

(10.2) \F(t,y)\ x <a(\y\ x ), t>0,yeX. 

Proof of Theorem \5.Si Without loss of generality we assume that v = 0. 
Let (F n ) ng N be a sequence of functions from [0, oo) x X to X given by 
Assumption 15.21 In particular, there exists a sequence (R F ) n <=n of positive 
numbers, such that \F n (s,y)\x < Rp for all (s,x) € [0, oo) x X, n 6 N, and 
\F n (s,x) — F(s,x)\b — > as n — >■ oo for all (s,x) G [0, oo) x X. For n G N 
let F^j be the restriction of F n to [0, oo) x E. Since E ^ X continuously, 
: [0, oo) x E — >• X is also separately continuous with respect to both 
variables and bounded by Rp. Finally, since X ^ X\ continuously, the 
function F^ ■ [0, oo) x E — > Xi satisfies all the assumptions of Theorem 
14.51 In view of that Theorem there exists a martingale solution on B to the 
following Problem 

(10.3) 

du n (t) = [-Au n (t) + F n (s,Un(t))]dt + J z G(s,u n (t);z)fj n (dz;dt), 

u n (0) = x. 
Let us denote this martingale solution by 

(p. n ,J' n ,F n ,BF n , {r] n (t,z)}t>o :Z( zz, {u n (t)}t>o) ■ 

In view of the Definition, for each n G N, u n is a mild solution on B over 
the probability space (f2 n , F n , ¥ n , P n ). In particular u n (t) = e~ tA x + z n (t) + 
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v n (t), t G R+, where 

(10.4) v n (t) =11 e-^ A G( S ,u n ( S );z)fj n (dz;d S ), 

Jo Jz 

(10.5) z n (t) = [ e'^ A F n (s,u n (s)))ds. 

Jo 

Notice, that z n (t) = u n (t) — v n (t) — e~ tA x, t G R + . Similarly to the proof 
of Theorem 14.51 the proof of Theorem 15.21 will be divided into several steps. 
The first two steps are the following. 

Step (I) There exists a number r > and q > q such that 

sup |K WmUm. +;E) < °°- 

Step (II) The laws of the family {z n ,n G N} are tight on C(R + ;X). 
In particular, for any T > there exists a number r > such that 

supE sup |z n (i)|x < oo. 

neN 0<t<T 

Finally, in order to use the Skorohod embedding theorem, we also need the 
following. 

Step (III) The laws of the family {v n ,n G N} are tight on B(R+; B). 
Step (IV) The laws of the family {r] n ,n G N} are tight on Mj(ZxR + ). 

Suppose for the time being that the proofs of the previous four steps have 
been accomplished. From Steps (II), (III) and (IV) it follows that there 
exists a subsequence of {(z n ,v n ,r] n ) \ n G N}, also denoted by {(z n ,v n ,rj n ) \ 
n G N} and a C(R+,X) x L P (R + ,E) nD(R + ,B) x M n {Z x R+) - valued 
random variable {z+, v*, 77*), such that the sequence of laws of (z n ,v n ,i] n ) 
converges to the law of (z*, v*, 77*). Moreover, by Theorem IE. 1\ there exists a 
probability space (O, P, P) and C(R+,Xi)x L P (R+, E) nB(R+, B) x Mn{Z x 
R+)- valued random variables (z*, v*, r/*), (z n , v n , %), n G N, such that P-a.s. 

(10.6) iz n ,i) n , fj n ) ->• (z^tj^t/*) 

on C(R+, X) xLP(R + , J B)nD(R+, B) x>J N (ZxR + ), r} n = 77*, and £((z n , 7j n , 7? n )) = 
C((z n ,v n ,r] n )) for all n G N. We define a filtration F = (Pt)t>o on (f2,.F) 
as the one generated by 77*, z*, tj* and the families {z n neN} and 
{u n I n G N}. 

The next two Steps imply that the following two ltd integrals over the fil- 
tered probability space (Cl,P,¥,F) 

I I e -^ A G(s,v n (s) + z n (s),z))fi n {dz,d S ), t>0, 
Jo Jz 
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and 

I I e -(t- s ) A G(s,v*(s)+z*(s),z))fj*(dz,ds), t>0, 
Jo Jz 
are well defined. 

Step (V) The following holds 

(i) for all n E N, r) n is a time homogeneous Poisson random measure 
on B(Z) x B(R + ) over (f2, J 7 , F, P) with intensity measure v; 

(ii) 77* is a time homogeneous Poisson random measure on B{Z) x 
£>(M+) over (Q, J 7 , F<,P) with intensity measure u\ 

Step (VI) The following holds 

(i) for all n E N, the processes v n and z n are with respect to {J^t)t>o 
progressively measurable; 

(ii) the processes and v* are with respect to (J^ijt^o progressively 
measurable. 

The proofs of Step (IV) and (V) are the same as the proofs of Step (IV) and 
(V) of Theorem 14.51 Also as earlier in the proof of Theorem 14.51 in order to 
complete the proof of Theorem 15.21 we have to show that 

(10.7) u*(t) = K(x,u*,ri*)(t), Vt E R+, P-a.s., 

where u* = + v* and the map K, is again, with a slight abuse of notation, 
defined by 

K{x,u, V )(t) = e~ tA x+ [ l e-^ A F(s,u(s))ds 

Jo 

+ / [ e- {t - s)A G(s,u(s);z)fj(dz;ds), t>0. 
Jo Jz 

To prove the equality (I10.7P it is sufficient to show that for any T > 

(10.8) E sup \u*(t) — ]C(x,u*,r]*)(t)\ B = 0. 

0<t<T 

To do this, we write first 

u*(i) - K,(x,u*,ri*)(t) = (n*(i) - f„(i) - fi n (*)) 
+ (z n (t) + v n (t) - fC n (x, z n + v n , fj n ){t)) 

+ (K, n (x,u n ,r] n )(t) - K. n (x,u*,r]*)(t)) + (K, n (x,u*,r]*)(t) - K.(x, u*, rj*)(t)) , 

where KL n is an operator defined by the same formula as the operator /C but 
with F replaced by F n . Equality (110. 7|) will be shown by the four following 
steps. 
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Step (VII) There exists an r > such that for any T > 

E<50r(£n(£) + v n {t),z* + v if ) r -> as n ->■ oo. 
Step (VIII) There exists an r > such that for any T > 
E sup \z n (t) + v n (t) -K. n (x,z n + v n , f) n )\ r -> as n ->• oo. 

0<t<T 

Step (IX) There exists an r > such that for any T > 
E sup |/C„(x, u n , fj n )(t) — K(x, u*, r]*)\ r — > as n — > oo. 

0<t<T 

With these four steps Therom 15.21 is shown. □ 

gl:010 It remains to proof Step (I) to Step (IX), which is done in the 
following. 

Proof of Step (I). Step (I) is a simple consequence of Corollary 18.131 Corol- 
lary 18.141 inequality (18.20p . and the continuity of the embedding Xq 
X. □ 

Proof of Step (II). By Lemma 1 10 . 1 1 we infer that for any T > 

rT 

sup \z n {t)\ x < / e- k(t - s) a(\v n (s)\x + \e~ sA x\ x ) ds 

0<t<T JO 

fT 

(10.9) <C (1 + \v n (s)\ q x + \e- sA x\ q x ) ds. 

Jo 

From Step (I) it follows that there exists a number r > such that 

(10.10) supE|u n |^ (M x) < oo. 

n " 

Therefore, 

r 

supE sup |z n (i)|j^ < oo. 
n 0<t<T 

Hence, we proved the second part of Step (II). The last inequality also im- 

r 

plies that sup n E|^ n |^ ? , R < oo. Hence, by the identity z n = A~ 1 (v n + z n ) 
and Corollary 18. 71 we infer that the laws of the family {z n \ n € N} are tight 
on C(W + ,X). Consequently, since the embedding X >— > B is continuous, 
they are tight on C(M+,5). Thus, we have finished the proof of Step (I). 

□ 

Proof of Step (III). By Corollary 18.141 and Corollary 18.151 the laws of the 
family {v n \ n G N} are tight on L P (R + ,E) nD(R + ,B). Thus, we have 
finished the proof of Step (III). □ 



10 



5 denotes the Prohorov metric on D(R+; B), see e.g. Section B of [15] 
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Proof of Step (IV). Since E nVn (A,I) = E? ? (A,/@ for all A e B{Z) and 
/ € B(M+), the laws of the random variables rj n , n S N, are identical on 
Aifq(Z x Therefore, and in view of Theorem 3.2 of |55j . the laws of the 
family {rj n ,n G N} are tight on A4^(Z x K+). Thus, we have finished the 
proof of Step (IV). 

□ 

Proof of Step (VII). Since z n , n G N, and are continuous .B-valued func- 
tions, 

5 T (z n +it n ,z* +v*) < S T (z n ,z*) + 5T(v n ,v*) 

< sup \z n (t) - Z*(t)\B + dT(v n ,v*). 
0<t<T 

We first will show that there exists an r > such that 

E sup \z n (t) — z*(t)\ r B — > as n — >■ oo. 

0<t<T 

Next, we will show that there exists an r > such that 

E 5T{v n , v*T — > as n — )• oo. 

By Step (II) and [Ml Theorem 2.2.3, Part (2)] there exists an r > such 
that the family 

{\ Z n\c{{0,T];B)' n 6 N } 

is uniformly integrable. Furthermore, since z n — > z* on C([0,T]; B) P-a.s., 

l Z "lc([0,T];B) ~~ y \ Z *\c([0,T];B) P-&.S.. 

Hence, also knl^p t] _b) ~~ ^ I^Icqo t]-b) m probability. Thus, [Ml Theorem 
2.2.3, Part (1)] implies that 

^\ Z *\c([0,T];B) = j™ E l Z nlc([0,r];B) < 00 • 

From the last inequality we infer, again by |64l Theorem 2.2.3, Part (2)], 
that there exists an f > such that the family 

|l^nlc([0,T];B) + \ z * \c{[0,T];B) ' n G ^} 

is uniformly integrable. Again, since z n — > z P-a.s. on C([0,T];£?), 

l^n - Z*|c([0,T];B) ~> 

in probability. Since 

\z n — z *\c([0,T];B) — C \ z n\c([0,T];B) + & \ Z * \c([0,T];B) > ™ G N, 
denotes the expectation over f2„ with respect to the probability measure P n . 
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we infer that the family {\z n — z* \ r c ,, Q T y B \, n E N} is uniformly integrable. 
Again, [6H Theorem 2.2.3, Part (1)] implies that 

lim^ \z n ~ Z*\C([0,T\;B) = °- 

Next, we investigate the limit of the second term 5(v n , v*). Let us note that, 
since 5(y n , v*) — > P-a.s., it follows from the definition of the Prokorov 
metrico that there exists a sequence of functions X n £ A such that 

sup \v n o X n (t) - < 6(v n ,v*), n > 0. 

0<t<T 

Since for any n £ N 

sup \v n o X n (t)\ B - sup \v*(t)\ B < sup \v n o \ n (s)\ B - sup I ««,(*) I 



0<t<T 0<t<T 



0<s<T 



0<t<T 



sup 

0<s<T 



\v n ° An(a)| B - < sup V n oAn(t) -u*(i)L< 

0<t<T 



[Appendix B] it follows from (|10.6p that sup 0<i<T \v n °Ki(t)\B sup 0<i<T |w n (*)l 
P-a.s. Hence, 

sup \v n o X n (t)\ B -> sup \v n (t)\ 

0<t<T 0<t<T 

in probability. Since by Step (I) there exists an r > such that sup 0<t<T | r 
is uniformly integrable, the family {sup 0<i<T \v n o A n (t)| r ,n 6 N} is uni- 
formly integrable. Hence, it follows by Theorem 2.2.3, Part (1)] that 



E sup \v*(t)\ r B = lim E sup \v n o X n (t)\ r B . 

0<t<T n->oc Q <t< T 



Since 



S{v n ,v*) < <5(u„,0) + <5(u*,0) < sup \v n (t)\ B + sup \v*(t)\ B , 

0<t<T 0<t<T 

by [64|, Theorem 2.2.3, Part (2)] there exists an f > such that the family 
{S(v n , v*) r , n £ N} is uniformly integrable. Now, recall that (|10.6p implies 
8(v n ,v#) — > P-a.s., therefore, 5(v n ,v*) — >• in probability, and, therefore, 
by [Ml Theorem 2.2.3, Part (1)] lim 

n— >oo E 5 (vni v*) r — 0. Thus, we have 

finished the proof of Step (VII). 

□ 

Proof of Step (VIII). In order to prove Step (VIII), let us recall that the 
laws of (z n ,v n ,fj n ) and (z n ,v n ,rj n ) are equal on C(M + ;X) x L p (R + ,£J) n 
©(R+j-B) x A4pt(Z x R_|_) and, moreover, the process u n = z n + v n is a 
martingale solution to Problem (|10.4p . Hence, 

\\u n — fcn\z,u n ,r) n )\\ M pr^ + ^ =0. 



12 For the exact definition we refer to [151 Appendix B] 
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In particular, for any T > 0, 

E sup \u n (t) - K. n (x,u n ,rj n )(t)\B = 0. 

0<t<T 

Therefore, by the main result of [16J we can conclude that for any T > 
E sup \u n {t) - JC n (x,u n ,f) n )(t)\ B = 0. 

0<t<T 

Thus, we have finished the proof of Step (VIII). 

□ 

Proof of Step (IX). First we split the difference into the following differences 

IC n (x )(t)-JC )(*) 

e -(t--)>l [ Fn ( Sj&n ( s )) _ F n (s,^(s))] 



o 

+ / f e- {t - s)A G(s,u n {s)-z) (f, n -^ydz-ds) 

O J Z ' 

+ / / e-(*- s ^[G(s,u n (s);z) -G(s,u*(s);z)] fj*(dz;ds). 
Jo Jz 

The aim is to tackle the first term similarly to Step (VII) and the last term 
by the Lebesgue dominated convergence Theorem. Note, that, according to 
Proposition I A. 1\ the second term is zero. 

We begin with the first term. Let us note that 



E sup 

0<t<T 



B 



(10.11) < E sup / \e-^ A [F n (s,u n {s)) - F(s,u*{s))} \ R ds 

0<t<TJo 

< E sup / \F n (s,u n (s)) - F(s,u*(s))\ R ds 

0<t<T JO 

(10.12) < E / \F n (s,u n (s))-F(s,u*(s))\ R ds. 



o 



By (|10.2p it follows that there exists a constant C > such that for any 
n > 



r 



F n (s,u n (s))ds <C I (l + \v n (s)\ q x )ds. 



T 







By Step (I) and [641 Theorem 2.2.3, Part (2)] for any q < q the family 

{(l + \v n (s)\ q x ,n>0}, 



Stochastic Reaction Diffusion Equation of Poisson Type 63 

is uniformly integrable over (0 x [0,T], T x B([0, T]),P x A). Therefore, the 
family 

\F n (s, u n (s)) ds\ B , n G N > . 

is also uniformly integrable over (17 x [0, T],F x £>([0,T]),P x A). Since 
u n ->■ u* in D([0,r];B) P-a.s., there exists a sequence {A n ,n € N} C 
such that tt n o A n — > uniformly on [0,T]. Assumption 15.21 implies that 

\F(u n o A n (-), •) - F(u*(-), -)\ B ^0, Fx A-a.s. . 

Therefore, we infer that 

\F(u n o\ n (.),.)-F(u*(-),-)\ B ^0 

in probability over (0 x [0, T], T x B([0, T)), ± P x A). By jSU Theorem 2.2.3, 
Part (1)] 

E f \F n (s,u n (s)) - F(s,u*(s))\ ds -> 0. 
Jo 

Hence, 

E sup / \F n (s,u n (s)) - F(s,u*(s))\ R ds ->• 0. 
o<t<rJo 

The second summand is zero by Proposition IA.ll In order to tackle the 
last summand, we apply Corollary 18. 131 - (hi). Again, by the Lebesgue domi- 
nated convergence Theorem almost sure convergence implies the convergence 
of the expectation. Note here, that, in contrary to F by Assumption 14. 3[ 
the function G is bounded. 

□ 



Appendix A. Stochastic Integration - a useful result 

As seen in p3], the stochastic integral is an extension of the set of simple 
functions to progressively measurable functions. In the same way we will 
show the following Proposition. 

Proposition A.l. Assume that (S,S) is a measurable space, v 6 M<t 
is a non-negative measure on (S,S) and = (fi, JF, (J-t)t>o, P) is a fil- 
tered probability space. Assume also that r)\ and 772 two time homo- 
geneous Poisson random measures over with the intensity measure v. 
Assume that p 6 (1,2] and E is a martingale type p Banach space and 



'For the defintion of A we refer to |15l Appendix B]. 
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£ G 7W p (0,oo,LP(S>;£)). IfF-a.s. i) X = m on M N (S,R+), then for any 
t > F-a.s. 

(A.l) / £(s,z)fji(dz,ds) = / ^(s,z)fj 2 (dz,ds). 

Jo Jo 

Proof of Proposition \A.li In order to show the equality, we will go back 
to the definition of the stochastic integral by step functions. First, put 
/ = (a, b]. We may suppose that / = J2jdi ti =i fji l A Jt xB, with fa G E, 
Aji G J~ a and B{ G S. For fixed i we may suppose that the finite family of 
sets {Aji x Bi,j = 1, . . . , J} are pairwise disjoint and that the family of sets 
{Bi,i = 1,.../} are also pair-wise disjoint and v(Bi) < oo. Let us notice 
that for i= 1, . . . , I 

J 

/ f(x) rf x (dx, I)=J2 l A n fj(Bi x I) fa 

and 

/ f(x) m(dx, I) = Y1 v{Bi x I) fa 
JBi i=1 

Since P-a.s. r/i = r/2 on Mn(S, it follows that a.s. f s f(x)rfi(dx,I) = 
Is f( x )V2(dx, I). It remains to investigate the limit as done in [TU Appendix 
C]. But if x n = y n for all n G N and x n — > x, y ra — > y in a Banach space X, 
then x = y. □ 

Appendix B. A Compactness result 
Let B be a separable Banach space, / C M+ be an interval. Recall that 

1L^(/; B) = i.u : I —> B : u measurable and J e~ xt \u(t)\ B dt < oo 1 . 

Given p > 1, a G (0,1), let W^' P (I; B) be the Sobolev space of all u G 
I^(R +;j B) such that 

I fe-^ ^-^ dsdt <oo. 
JiJi \t-s\ l + a P 

equipped with the norm 

ii II ( f f -X(t+ S ) u(t)-u(s)\ p B 

\W\\W^(I;B) ■= [JJ^ |t- a |l+og d3dt 

We begin with recalling Theorem 2.1 from [371 Gatarek and Flandoli] which 
is valid for finite time horizon. 
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Theorem B.l. Let Bq C B C B\ be Banach spaces, Bq and B\ reflexive, 
with compact embedding of Bq in B. Let p G (1, oo) and a G (0, 1) be given. 
Let X be the space 

X = TL p ([0,T];B )nW«' p ([0,T];B 1 ). 
Then the embedding of X in Lq([0,T];5) is compact. 

Since for A > the space L^([0, T]; B) is isomorphic to a space L p ([0, T]; B) 
via a map 

$ A : L*([0, T];B)3f^f = e^/Q G L p ([0, T];B), 
we get the following result. 

Theorem B.2. Let Bq C B C B\ be Banach spaces, Bq and B\ reflexive, 
with compact embedding of Bq in B. Let A > 0. Let p G (1, oo) and a G (0, 1) 
be given. Let X be the space 

X = L^(M+; S ) n W"' P (M+; B{). 

Then the embedding of X in LK(M. + ;B) is compact. 

Proof. The proof is similar to the proof of Flandoli and Gatarek [37j resp. 
Dunford and Schwartz [32\ Chapter IV. 8. 20]. Similarly, let us first define a 
family of operators J a in L P (IR + ; Bi), i = 0, 1, a > 0, by setting 



I rs+a 

Jag(s) = — / g(t) dt, s g 

2 « Js-a 



where, we put g(t) := if t > 0. First, note that for any a > 0, J a 
maps L P (M + ; Bi) to C(M + ; B{), i = 0,1. Taking into account the finiteness 
of the measure B(R+) 3 A i-4 f A e~ tx dt, by [32j Theorem 18, Chapter 
IV.8, p. 297] a bounded set JC of L^(M+;IR) is precompact in L P (M+;IR), iff 
lim a ^ J a f = f uniformly on K. 

Now, let Q C X be a bounded set. We have to prove that Q is relatively 
compact in L P X (R + ;B). Taking into account that e ~ x ( t+s ^ < e~ Xs e~ Xa , for 
all t G (s — a, s + a), we get 

/ e- Xs \Ja9(s)-9(s)\ P Bl ds<— / e-^+'^t + a)-^^^. 
Now, arguing as Flandoli and Gatarek we obtain 

OO -I 

e- Xs \Ja 9 (s) - g(s)\ p Bi ds < ^ Xa a ap \g\ P w ^ {R+iBi) . 

Therefore, lim a _ i .o Jaf = / uniformly on Q in L^(R + ;i?i). Next, since Q is 
bounded in L^(IR + : B{) and B\ B compactly, Q is compact in L^(1R + : 
B). 
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□ 



Appendix C. Some Results in Interpolation Theory 

It follows from the Riesz Thorin Theorem, that if po,Pi > 1, < 9 < 1 

and - = — + — , then 

P po pi 



[L P0 ,L p %S=L p (with equal 



norms I 



It is possible to generalize this result to vector-valued L p -spaces. Let A 
be a Banach space and TL P (U, dv; A) the space of all strongly measurable 
functions / : U — » A such that 

\f(x)\ P A dv(x) < oo, 

where 1 < p < oo. We shall denote by L°°(U,dv;A) the completion in the 
sup-norm of all functions 

(C.l) s{x) = y^a fc lff fc (x), a k e A, 

k 

where the sum is finite and 1 E k is the characteristic function of the measur- 
able disjoint sets Ek. If v(Ek) < oo, function of the form (IC.lj) are called 
simple functions. The completion in L°°(R + ;^4) of the norm of the simple 
functions is denoted by Lq°(C/, dv; A). Now, we can formulate the following 
Theorem: 

Theorem C.l. (See Bergh and Lofstrom [7\, Theorem 5.1.2, p. 107) As- 
sume Aq and A\ are Banach spaces and that 1 < po,Pi < oo, < 9 < 1 and 

1= M + JL. Then 
p po pi 

[Jf°{U,dv; A ),I, Pl {U,dv;A 1 )] d = IL P (U,dv; [A),^) (with equal norms). 

If in addition 1 < pn < oo with - = then 
J — p po ' 

\LP°(U, dv; A ),1L p i (U, dv; A 1 )] & = U> (U, dv; [A ,A 1 ] e ) . 

Remark C.2. It follows from the Riesz-Thorin interpolation Theorem, see 
e.g. Theorem 1.1.1 Bergh and Lofstrom, that under the assumptions of 
Theorem \C.1\ 

W X \\-L p (U,v;[A ,Ai]e) - W X Wl p ° (U,v;A ) INIl"! {U,v;A x ) ' X ^11 (U , V ; (Aq , A\) y e ^j . 



14 For 8 £ (0,1) and two separable Banach spaces Ai and A2, [Ai,A2]e denotes the 
complex interpolation functor. 
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In order to characterise regularity of the functions we used real interpo- 
lation spaces between B and D{A). If the underlying space B is a Hilbert 
space and A is selfadjoint, then [B,D(A)] e = D%(6,2) for any 9 € (0, 1). If 
B is a Banach space, this is not necessarily true. Nevertheless, the following 
Theorems are valid. 

Theorem C.3. (see Bergh and Lofstrom Theorem 4.7.1, p. 102],) Let 
(Ax,A 2 ) be a Banach coupl^\. Then the following inclusion holds 

if < 9 < 1. Moreover, if A\ C A 2 , then for 1 < p < q < oo and 
< e < 1 -9 

(A 1 ,A 2 )e, q ^ (Ai,A 2 )e, P ^ (^1,^2)^-5,00 continuously. 

In general, the real method and the complex method leads to different 
results. Neither of the indices 1 and 00 can be replaced with a q, 1 < q < 00. 
However, in case of reiteration one can mix up both methods to a certain 
extent. 

Theorem C.4. (see Bergh and Lofstrom Theorem 4.7.2, p. 103 and The- 
orem 3.4.1, p.46]J Let (A\,A 2 ) be a compatible Banach couple. If < 9\ < 
9 2 < l ; 9 = (1 — rf)9\ + T}9\ and < p < 00 then 

d2)ri,p — (Ai, A2)e tP (equivalent norms). 

If 1 < Pi < 00 (i = 1, 2) and ± = (1 - 77)^ + rj± then 

[(A 1 ,A 2 ) ei)P1 ,(A 1 ,A 2 ) e2>p2 ] v = (Ai,A 2 )e lP (equivalent norms). 

Given two compatible couples (Aq,A\) and (Bq,B\), an linear operator 
T : Aq — > Bq compactly and T : A\ — > B\ continuous, it is still an open 
problem in interpolation theory to determine whether or not an interpolated 
operator by the complex method is compact. Nevertheless, in certain specific 
cases, one can verify if the interpolated operator is compact or not. 

Theorem C.5. (see [18, Theorem 9]) Let (A ,Ai) and (B ,Bi) be two 
compatible Banach couples and T : (A ,Ai) — > (B ,Bi). If A is a UMD- 
Banach space, then for any < 9 < 1, the interpolated operator T : 
[Aq,Ai]q — > [Bq,Bi]q is compact. 

^Two topological vector spaces are called compatible, iff there exists a Hausdorff 
topological vector space 21 such that A\ and A2 are subspaces of 21. If we want to underline 
the space 21, then we say with respect to 21 compatible. 

For 6 £ (0, 1), 1 < p < 00 and two Banach spaces Ai and A2, (Ai, A2)e,p denotes 
the real interpolation functor. 
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Appendix D. Besov spaces and their properties 

An introduction to Besov spaces are given in Runst and Sickl [61]. We 
are interested is the continuity of the mapping G described in 14.31 To be 
precise, we will prove the following result. 

Proposition D.l. If f G <S(M rf ) then for each a G R d the Schwartz distri- 

i-d. , 
button fo a belongs to the Besov space £p,oo and moreover there exists 

a constant C = C(d,p) independent of f such that 

JR d Bin (R d ) 
Thus, there exists a unique bounded linear map 

A : L p (R d ) -> L p (R d ,Bl^{R d )) 

such that [A(/)](a) = f6 a , f € a € M d . Moreover, /or any s > 

i/iere exists a constant C such that 



(°-2) / I A/ d d s da < C \f\w- 

J » d BiJ V) 



In the following we denote the value of A(/) at a, where / G L P (R ) by 
/5 a . Let us recall the definition of the Besov spaces as given in [SIJ Definition 
2, pp. 7-8]. First we choose a function ip G such that < ij)(x) < 1, 

iel d and 

^ X) = \ if |x|>§. 

Then put 

4> (x) = ip(x), x G R d , 
falx) = - if>(x), x G M d , 
<£j(x) = 0i(2~- J+1 x), x G R d , j = 2,3, 

With the choice of rf> = {4>j}JL as above and J 7 and J 7-1 being the Fourier 
and the inverse Fourier transformations (acting in the space S'(R d ) of Schwartz 
distributions) we have the following definition. 

Definition D.2. Let s G M, < p < oo and < q < oo. // < q < oo and 

f G S'(R d ) we put 




\i=o 

= su P 2^|7- 1 [^/]| iP . 

p '°° jeN 

We denote by B* )? (R rf ) i/ie space o/ a// / G <S'(M d ) /or which \ f\ B s is finite. 
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Lemma D.3. If h G S(R d ), g G S(M. d ) a G R d , then 



\(h5 a )*g\ LP{R d ) = \h(a)\\g\ LP{Rd y 

Proof. Let us recall that Mj, G assigns to a function g G 5(IR d ) a value 

fia(hg) = h(a)g(a). Since by the definition of a convolution of a distribution 
with a test function, where g(-) = g(— •) 

[(h8 a )*g](x) = (h5 a )(T x g) = h{a){T x g){a) = h(a)g{a-x) = h(a)g(x-a), x G I 
we have 

\(hS a ) *g\ P LP(Rd) = / \g(x - a)h(a)\ p dx = \g\ P LP 



□ 



Lemma D.4. If (p G S(R d ), A > and g{x) := ip(\x). x G R d , then 



\F 1 9\lpcb*) = x<iip ^ Vl 



LP 



Proof. Simple calculations. □ 

Proof of Proposition \D.ll Obviously it is enough to prove the first part of 
the Proposition. We will use the definition of the Fourier transform as in 
[61] p. 6]. In particular, with (•, •) being the scalar product in M. d , we put 

(JT/)(£) : = (2vr)- d / 2 ( e~ i( ~ x ^f(x) dx, £ G R d , f G S(R d ). 
Jm. d 

Let us fix / G S{R d ). Since ^(tpu) = (2^)- d / 2 (J- V) * (^"~M, y G S, 
u G S 1 we infer that for j G N*, 

\T- X Wj^a)\v>m = (27T)- d / 2 \(T- 1 V > 3 )*(f5 a )\ LP{Rd) 

= (27r)- d ^\f(a)\T- 1 ^\ LP{Rd) 
= (27r)- d / 2 2 d( |- 1) 2- jd( ^ 1) |/(a) | \T~ V b 



d(i-l). ,. 

Hence, /5 a belongs to the Besov space -E> PiC £> (R ) as requested and the 
equality (ID.ip follows immediately. In order to show (|D.2j) note, that by 
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where I(s) = T 1 (l + |£| 2 ) 2 T (see Proposition l-(ii) [EEJ p. 18]). hence, 
we obtain 



^(^•(l + lei 2 )*^/ Safda) 



< 



T-^ 3 *T- l {l + \i\ z Y F{ 5 a fda) 



LP 



JT-l(l+|^)f J7(/ ^ /da ) 



^ II 7 " ^illzi 

Moreover, 
^(l + iei 2 ) 1 ^/ Uda) 



LP 



LP 



< ,s/ /(a) d£ da 



dy 

p 



/R d 


"(J + A)t / 








'(/ + A)f / 


)(v) 



ciy 



< 



LP 



LP 



Summing up, one can show that for any s€t, there exists a constant C > 
such that 



fS a da 



< C 



W'(R d ) ' / e C°(R d ) 



For s < the operator J(s) is positive. Therefore, it follows 

, />o.. 

Theorem 5.1.2 in [7] gives inequality (|D.2|) , 



\\fS a \\ s+ d_ d da<C ||j || w 



□ 



Appendix E. A modified version of the Skorohod embedding 

Theorem 

Within the proof we are considering the limit of pairs of random variables. 
For us it was important that certain propetries of the pairs are conserved 
by the Skorohod embedding Theorem. Therefore, we had to use a modified 
version wich is stated below. 



Theorem E.l. Let (17, J 7 , P) be a probability space and E\,E<i be two sep- 
arable Banach spaces. Let Xn '■ — > E\ x E2, n G N, be a family of random 
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variables, such that the sequence {jCaw(xn)) n G N} is weakly convergent on 
E x x E 2 . 

For i = l,2 let iri : Ei x E2 be the projection onto Ei, i-e. 

EixE 2 3 X = (x\x 2 ) -> n(x) =X l £ E i- 

Finally let us assume that there exists a random variable p : O, — > E\ such 
that Caw(-Ki o Xn ) = Caw(p), Vn G N. 

Then, there exists a probability space (Cl,J r ,'P), a family of Ei x E 2 - 
valued random variables {Xn,n G N} ; on P) and a random variable 

X* '■ H — > Ei x E 2 such that 

(i) : Caw(xn) = Caw(x n ), Vn G N; 

(ii) : Xn -> X* #1 x ^2 as- 

(Hi): m o Xn(w) = 7Ti o /or a// a; G O. 

Proof of Theorem \E.1[ The proof is a modification of the proof of [281 Chap- 
ter 2, Theorem 2.4]. For simplicity, let us put p n := Caw(xn), P n '■= 
Caw{-Ki o Xn), n G N, and ^Uoo := Iim n ->oo C{xn)- We will generate families 
of partitions of £?i and £2- To start with let {xi,i G N} and {yi,i G N} be 
dense subsets in Ei and E 2 , respectively, and let {r n ,n G N} be a sequence 
of natural numbers convergent to zero. Some additional condition on the 
sequence will be given below. 

Now, let A\ := B(xi,n@, A\ := B(x h ,n) \ (u^Aj^j for k > 2. Sim- 
ilarly, C{ := B(yi,n), Cl := B(y k ,n) \ (y^cf) for k > 2. Inductively, 
we put 

A L.,i k ■= 4..U r i^-ni (uj L x 4 ,. ; „). /. - ->. 

and similarly, where we will replace "A" by "C" 
Ct,...,i := Cj^nS^.rO, 

<"S , : = ■ l^,r,) ( 'J ; Vf „ ,. ; ). fe>2. 

For simplicity, we renumerate for any k G N these families and call them 
now (AjOieN, and (C k ) jeN . 

Let := [0, 1) x [0, 1) and P be the Lebesgue measure on [0, 1) x [0, 1). In 
the first step, we will construct a family of partition consisting of rectangles 
in 0. 



For r > and x let B(x,r) := {y, \y\ < r}. 
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Definition E.2. Suppose that \x is a Borel probability measure on E = 
E\ x E2 and fi 1 is the marginal of fx on E\, i.e. [i l {A) := (i(A x E2), 
A € B(Ei). Assume that (-Aj)j e pj and (d)igN ore partitions of E\ and E2, 
respectively. Define the following partition of the square [0,1) x [0,1). For 
i, j G N we put 



1 u 



(E.l) 



Mi( (J ^*)>Mi( (J ^) 

j— 1 j 

i^K* x U c «) - -j^Arfi* x U c «) 



a=l 



Remark Obviously, if fii(Ai) = for some i € N, then we have ijj = 
for all j € N. 

Next for fixed I € N and n € NUjooj, we will define a partition (/,•'■") 

of SI = [0, 1) x [0, 1) corresponding to partitions (A^)^ and (C')«eN of the 
spaces E\ and #2, respectively. 

We denote by fi(A\C) the conditional probability of A under C. Then, 
we have for n G N U {00} 

:= [0,Mn(^!)) x [0,Mn(^i x I A} X E 2 )) , 

:= + nl{A\)) x [0, Mn (^ x d 1 | A\ x £ 2 )) 



1 k,l • — 



k-1 k \ 

2 ^(4). E /^k) X [O'Mn^l X <?! I A k X ^)) , fc > 2, 
m=l m=l / 



and 



/#:= [0,^(^)) x 

[/x n (£i x d 1 I ^ x E 2 ),^ n (E 1 x Cj I ^ x £7 2 ) + x d 1 | A\ x £ 2 ) , 



7-1, n 
'2,2 



[ M i(Al), M i(Al)+ M i(^)) x 
[ t i n (E 1 x d 1 I ^ x E 2 ), fi n (E 1 x d 1 I A\ x £7 2 ) + fin (E 1 x d* I ^1 x £ 2 ) • 



More generally, for k G N 

2 E ^(4) 



l,n 
k,2 



m=l 



m=l 



[pL n {E 1 x C\ I x E 2 ), f x n (E 1 x d 1 I 4 x E 2 ) + x d 1 I A\ x £ 2 )) 
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and, for k,r£N 



1 k,r ■- 



k-1 



£ £ ^(4j X 



.m=l 



m=l 



r-1 



J] l x n {E 1 x c£ i 4 x E 2 ), Vn{Ei x C} | 4 x £7 2 ) 



_m=l 

Finally, for k, l,r > 2 



m=l 



(E.2) 



J fc,r •" 



k-1 fe 



,m=l 
1 



m=l 



^ Mn(^i xCi|4x£ 2 ),^ x | 4 X £ 2 ) . 

_ra=l m=l / 

Let us observe that for fixed / <G N, the rectangles {I l kr ,k,r G N} are 
pairwise disjoint and the family {I l k r ,k,r G N} is a covering of fj. Therefore, 
we conclude that for any n G N U {oo} we have n n {E\ x E 2 ) = 1 and 
SmGN ^n{E\ x C l m \ A l k ) = 1. Hence, as a consequence, it follows that for 
fixed I, n G N the family of sets {Ik,r, k,r G N} is a covering of [0, 1) x [0, 1) 
and consists of disjoint sets, are probability measures. 

The next step is to construct the random variables Xn ■ & — > E\ x E 2 , 
such that Caw{xn) = £aw(x n )- We assume that r m is chosen in such a way, 
that the measure of the boundaries of the covering (A,')jeN and (Cj)j e ^ are 
zero. Now, in each non-empty sets int( J 4™) and mt(C™) we choose points 
x™ and Uj 1 , respectively, from the dense subsets {xi,i G N} and {yi,i G N} 
and define the following random variables. First, we put for m G N 



and then, for n G N U {oo} 



if u)G/™; n , nGNU{oo}, 



m— too ' 

Xn(w) = Jim Zl 



m— s-oo 

Due to the construction of the partition, the limits above exist. To be 
precise, for any n G N U {oo} and w € fi, we have 

(E.3) I4,m(w) - < fc (w)| < r m , fc > m, i = 1,2, 

and therefore (Z n ^ m {p)) m >i is a Cauchy-sequence for all a) G £l = [0, 1) x 
[0, 1). Hence, for i, m Z l n (uS) is well defined. Furthermore, Xn is measurable, 



71 



ZB AND EH, OCTOBER 29, 2010 



since Z l nm are simple functions, hence measurable. Therefore, for i, m Z % n {uj) 
is a random variable. Let \ n := (XniXn)- 

Finally we have to proof that the random variables x an d Xn have the 
following three properties: 

(i) : Caw{xn) = Caw(x n ), Vn G N, 

(ii) : Xn -» X a.s. in £i x £7 2 , 
(hi): 7Ti o Xn(w) = 7Ti o 

Proof of (i): The following identity for the rectangle Ai x C[ holds 

A G 4 x C l k ) = A(4'p = ^(4) x Mri (^ x | A{ x £ 2 ) 

= fi n {A l k x £ 2 ) x x C\ | Aj. x E 2 ) = Uniu 1 G Ajj. and u 2 G C') 

= Ml((«V)€A£xC*). 

Now, one has to use that the set of rectangles of [0, 1) x [0, 1) form a ir 
system in £>([0, 1) x [0,1)). Moreover, A and fi\ are identical on the set of 
rectangles. Therefore, by Lemma 1.17 \42\ Chapter 1], A and are equal on 
B([0,1) x [0,1)). 

Proof of (ii): We will hrst prove that there exists a random variable x = 
(x\x 2 ) such that x n ~~ ^ X 1 an d X n ~> X 2 A-a.s. for n — > oo. For this it 
is enough to show that the sequences {x n > n e ^} an d {x n ^ n ^ ^} are 
A-a.s. Cauchy sequences. From the triangle inequality we infer that for all 
n, m,j G N, i = 1, 2 

lyi _ I < |y» _ z { I + ■ - Z l I + • - yM 

I An Am | — |An 1,J I 1 pnj ni,j | 1 |^m,j Am| 

Let us first observe that by ()E.3p . for any n G N, the sequences {Z^j,j G 
N} and {Z 2 j,j G N} converge uniformly on ti to %\ and x„, respectively 
Therefore, it suffices to show that for all e > there exists a number no 
such that (see \31\ Lemma 9.2.4]) 

A ({ui G [0, 1) x [0, 1) [ Z njl (oj) ± Z m>l (n),n,m> n }) < e 

Since {/u n ,n G N} converges weakly, for any 5 > there exists a number 
no G N such thaJ^I. p(fj. n , /i m ) < £ for all n,m > uq. Hence, for any 5 > 
we can find a number no G N such that 



(E.4) 

i,l,n i,l,m 
a k,r ~ a k,r 



ri,l,n ii,l,m 
k,r k,r 



< 5, k, r, I G N, i = 1, 2, n, m > no, 



denotes the Prohorov metric on measurable space (E,£), i.e. p(F,G) := inf{e > 
: F(A E ) < G(A) + e,A e £} 



Stochastic Reaction Diffusion Equation of Poisson Type 75 

wherp T l ' n — \n l ' l ' n h 1 ' l ' n )-x\n 2 ' l ' n h 2 ' l ' n \ and T l ' m — In 1 ' 1 '™ h 1,,,m W fn 2,i ' m A 2 > Z >"M 
whevei k r - [a k r ,D kr jx[a fer ,o fcr janai^ - [a k r ,o k r )X[a k ^ r ,o k r ) 

In fact, by the construction of I l k n and I l k r we have 

= (u •= 1 1 4) , n, m G N, r, fc G N, 

4',r m = ( U ?=i4) , n, m G N, r, A: G N. 

Let us fix 5 > and let us choose no such that p{^ n -,^m) < 5, n,m > no. 
Then 

Mn (ufcMj) < ((uy^) 5 ) < Mm (u^) + <5, r, fc, J G N. 
On the other hand, by symmetricity of the Prohorov metric, 

PL (UJZJA}) < M m ((uy4)^ < ^ (Uj-JAJ) +5, r, k G N. 
Hence, we infer that 



(E.5) 



l,l,n 1,1,171 
a k,r ~ a k,r 



< 5, r, k, I G N, n,m>riQ. 

The second inequality in (|E.4|) can be shown similarly. Since the sequence 
{/i ra ,n G N} is tight on Si x S 2 we can find a compact set TTi x K2 such 
that 

sup {n n ((E x x £? 3 ) \ (K x x tf 2 ))) < £ 

n £ 
Let us fix / G N. Since the set K\ x K2 is compact, from the covering (A l k x 
C')fcgN,reN of Ei x i? 2 there exists a finite covering (A l k x C".)k = i t ... ,K,j=i,- ,R 
of x K2. Next, observe that the estimate (|E,4p is uniformly for all 
n,m > riQ. Therefore we can use estimate (jE.4[) with 5 = e/2(KR) and 
infer that 

K,R 

S A (/g A jj'™, n, m > n ) < ~. 

k,r=l 

Moreover, since 

\({oj G [0,1) x [0,1) : Z n ,,(w) ^ Z m>l (w), n,m> n }) < 

£ A (/g A /£™ n, m > n ) + A ((^ x £ 2 ) \ (K x x tf 2 )) , 
fc,r=l 

it follows that 

A (W £ [0, 1) x [0, 1) : Z n> i(uj) / Z m j(uj), n,m> no}) < | + |. 

Summarizing, we proved that for any e > there exists a number no G N 
such that {uj G [0, 1) x [0, 1) | Z n j((J) 7^ Z m j(Q),n,m > no} < e. Applying 
then |31|, Lemma 9.2.4] we infer (ii). 
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Proof of (iii): Let us denote 
■jfe-l 



(E.6) 



l.n 



.m=l 



m=l 



Z,n jl,m 

k — J k ' 



Since the laws of tt\ o ^ n and vri o n, m G N U {oo} are equal, J, 
n,m G N U {oo}. Let us denote these (equal) sets J l k . Since for each set J l k 
we can find a set A l k satisfying the relation (|E.6P for all n G 
infer that for any m G N, 



U {oo}, we 



M=Km(°)> wGSl,nGNU{oo}. 

Let n G N be fixed. Considering now the limit for the sequence \Z\ m (Cd),m G 
N} for m — >• oo and keeping in mind that {Zl m (uj),m G N} is a Cauchy 
sequence implies the assertion (iii). 

□ 
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